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Preface

Many partial differential equations (PDEs) arising in physics can be seen as infinite-
dimensional Hamiltonian systems

ou=J(V,H)(u,t), ueH, (0.1
where the Hamiltonian function
H:HxR—R

is defined on an infinite-dimensional Hilbert space H and J is a nondegenerate anti-
symmetric operator.

The main examples of Hamiltonian PDEs are:

(a) the nonlinear wave equation

uy — Au+ f(x,u)=0,
(b) the nonlinear Schrodinger equation

fu; — Au+ f(x, [ul®)u=0,

(c¢) the beam equation

Uyt + txxxx + f(x,u) =0,

and the higher-dimensional membrane equation
Uy + Azu—l—f(x,u) =0,

(d) the Euler equations of hydrodynamics describing the evolution of a perfect, in-
compressible, irrotational fluid under the action of gravity and surface tension,
as well as its approximate models like the Korteweg—de Vries (KdV) equation,
the Boussinesq equation, and the Kadomtsev—Petviashvili equation.

For example the celebrated KdV equation

Uy — Ully + Uxxx =0

was introduced to describe the motion of the free surface of a fluid in the small-
amplitude, long-wave regime.



Vi Preface

We start by describing the Hamiltonian structure of the 1-dimensional nonlinear
wave equation with Dirichlet boundary conditions

(NLW) Iutz—uxx+f(t,x,u):0,

u(t,0)=u(,7)=0,

or periodic boundary conditions u (¢, x + 27) = u(¢, x). In this book we shall con-
sider both the autonomous nonlinear wave ( /" independent of time) and the nonau-
tonomous nonlinear wave (forced case) equations.

Equation (NLW) can be seen as a second-order Lagrangian PDE
usg = —=(V2 W)(u, 1) 0.2)
defined on the infinite-dimensional “configuration space” HO1 (0, ), where
W(,t):H}(0,7) = R

is the “potential energy”
2

W(u,t) = /Oﬂ (% +F(t,x,u))dx

and (6, F)(t, x,u) .= f(t, x,u). Indeed, differentiating /' and integrating by parts
yields

AW (u, 1) [h] = /O” (uxhx +f(t,x,u)h) dx
:/O” (—uxx—i—f(t,x,u))hdx

by the Dirichlet boundary conditions, so that the L2-gradient of ¥ with respect to u
is
(VL2 W)(”y t) = —Uxx + f(ty X, u) 5

and (NLW) can be written as (0.2).
The Lagrangian function of (NLW) is, as usual, the difference between the kinetic
and the potential energy:

u "
L(u,u,,t).—/o 7dx—W(u,t)—/O (T—T—F(t,x,u))dx.

The nonlinear wave equation (0.2) can be written also in Hamiltonian form

ur=p,
pr=—(VpW)(u,t) =uxx — f(t,x,u),

and so in the form (0.1) with Hamiltonian function /: Hj x L> x R — R,
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T 2 k4 2 2

V4 p u
H 1) = —dx +W(u,t) = —+ =+ F( dx
Gpnyi= [ Bavewan= [T (B+Z+rerm)a,

defined on the infinite-dimensional “phase space” H := HO1 x L?, and the operator
J = ( _0] 6) represents a symplectic structure: the variables (u, p) are “Darboux
coordinates.”

Similarly we can deal with the nonlinear wave equation under periodic boundary
conditions, choosing as configuration space H'(T), where T := R/27 Z.

The Hamiltonian structure of the nonlinear Schrodinger equation (b), the beam
and membrane equation (c), the KdV and the Euler equations (d) are presented in
the appendix.

In this book we shall adopt the point of view of regarding the nonlinear wave
equation (0.2) as an infinite-dimensional Hamiltonian system, focusing on the search
for invariant sets for the flow.

The analysis of the principal structures of an infinite-dimensional phase space
such as equilibria, periodic orbits, embedded invariant tori, center manifolds, as well
as stable and unstable manifolds, is an essential change of paradigm in the study
of hyperbolic equations with respect to the traditional pursuit of the initial value
problem (mainly studied for dispersive equations).

Such a “dynamical systems philosophy” has led to many new results, known for
finite-dimensional Hamiltonian systems, for Hamiltonian PDEs.

In the study of a complex dynamical system, the simplest invariant manifolds to
look for are the equilibria and, next, the periodic orbits.

The relevance of periodic solutions for understanding the dynamics of a finite-
dimensional Hamiltonian system was first highlighted by Poincaré.

In 1899 in “Les méthodes nouvelles de la Mécanique Céleste” Poincaré wrote
(apropos periodic solutions in the three-body problem)

ailleurs, ce qui nous rend ces solutions périodiques si précieuses, c’est qu’elles
sont, pour ainsi dire, la seule bréche par ou nous puissons essayer de pénétrer
dans une place jusqu’ici réputée inabordable.

At first glance, knowledge of these does not seem really interesting because the
periodic orbits form a zero-measure set in the phase space:

En effet, il y a une probabilité nulle pour que les conditions initiales du mouvement
soient précisément celles qui correspondent a une solution périodique.

But, as conjectured by Poincaré, their knowledge is not irrelevant:

voici un fait que je n’ai pu démontrer rigoureusement, mais qui me parait pour-
tant trés vraisemblable. Etant données des équations de la forme définie dans
le n. 13 [Hamilton’s equations] et une solution particuliére quelconque de ces
équations, on peut toujours trouver une solution périodique (dont la période
peut, il est vrai, étre trés longue), telle que la différence entre les deux solu-
tions soit aussi petite qu’on le veut, pendant un temps aussi long qu’on le veut.
([108], Tome 1, ch. 111, a. 36).
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This conjecture was the main motivation for the systematic study of periodic or-
bits that began with Poincaré and was then continued by Lyapunov, Birkhoff, Moser,
Weinstein, and many others.

The first existence results, based on the Poincaré continuation method, regarded
bifurcation of periodic orbits from elliptic (linearly stable) equilibria under nonreso-
nance conditions on the eigenfrequencies of the small oscillations (Lyapunov center
theorem [90]). These periodic solutions are the nonlinear continuations of the linear
normal modes having periods close to the periods of the linearized equation.

Subsequently, more in the direction inspired by the conjecture of Poincaré,
Birkhoff, and Lewis [32]-[34] proved that for “sufficiently nonlinear” Hamiltonian
systems, there exist infinitely many periodic solutions with large minimal period in
any neighborhood of an elliptic periodic orbit.

Great progress in understanding the very complex orbit structure of a Hamil-
tonian system was made by Kolmogorov [80], Arnold [8], and Moser [94] (KAM
theory) in the 1960s: according to this theory, at least for sufficiently smooth nearly
integrable systems, a set of positive measure of the phase space is filled by quasiperi-
odic solutions (KAM tori). The main difficulty in their existence proof'is the presence
of arbitrarily “small denominators” in their approximate expansion series.

From a dynamical point of view, these “small denominators” had already been
highlighted by Poincaré as the main source of chaotic dynamics due to very com-
plex resonance-type phenomena. Nowadays, this is the object of study of “Arnold
diffusion” [9].

Returning to periodic orbits, in the 1970s, Weinstein [129], Moser [98], and
Fadell-Rabinowitz [61] succeeded, with the aid of variational and topological meth-
ods in bifurcation theory, to extend the Lyapunov center theorem without nonreso-
nance restrictions on the linear eigenfrequencies (resonant center theorems).

About the previous conjecture of Poincaré, some progress was achieved by Con-
ley and Zehnder [46], who proved that the KAM tori lie in the closure of the set of the
periodic solutions (having, it is true, very long minimal period). As a consequence,
the closure of the periodic orbits has positive Lebesgue measure. Recent Birkhoff—
Lewis-type results concerning lower-dimensional KAM tori—and applications to the
three body problem—have been obtained in [23].

The conjecture of Poincaré was positively answered only in a generic sense by
Pugh and Robinson [113] in the early 1980s: for a generic Hamiltonian (in the C?
topology) the periodic orbits are dense on a compact and regular energy surface. On
the other hand, for specific systems, the possibility of approximating any motion with
periodic orbits remains an open problem.

Finally, the search for periodic solutions in Hamiltonian systems gave rise to
many new ideas and techniques in critical point theory, especially after the break-
through of Rabinowitz [117] and Weinstein [130] on the existence of a periodic so-
lution on each compact and strictly convex energy hypersurface; see Ekeland [56],
Hofer—Zehnder [72], and references therein.
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Building on the experience gained from the qualitative study of finite-dimensional
dynamical systems, the search for periodic solutions was regarded as a first step to-
ward better understanding of the complicated flow evolution of Hamiltonian PDEs.

In this direction, Rabinowitz [118] and Brezis—Coron—Nirenberg [42] proved the
existence of periodic solutions for nonlinear wave equations via minimax variational
methods (see Theorem C.1). Interestingly, these proofs work only to find periodic
orbits with a rational frequency, the reason being that other periods give rise to a
“small denominators” problem type (Remark C.4).

Independently of these global results, in the late 1980s and early 1990s the local
bifurcation theory of periodic and quasiperiodic solutions began to be extended to
“nonresonant” Hamiltonian PDEs such as

Uy —Uyxy +a1(x)u = az(x)u2 + a3(x)u3 + - (0.3)

by Kuksin, Wayne, Craig, Bourgain, and Pdeschel, followed by many others.

Do there exist periodic and quasiperiodic solutions of (0.3) close to the infinite-
dimensional “elliptic” equilibrium u = 0?

It turns out that in infinite dimension, the search for periodic solutions also ex-
hibits a “small divisors difficulty,” whereas in finite dimensions it arises only for
finding quasiperiodic solutions.

The first existence proofs of small-amplitude periodic and quasiperiodic solu-
tions were obtained by Kuksin [81] and Wayne [128]. These results were based on
KAM theory and were initially limited to Dirichlet boundary conditions, because of
the near coincidence of the linear eigenfrequencies under periodic spatial boundary
conditions.

In an effort to avoid these restrictions Craig—Wayne [51] introduced the Lyapu-
nov—Schmidt reduction method for Hamiltonian PDEs, extending the Lyapunov cen-
ter theorem in the presence of periodic boundary conditions. Later, this method was
generalized by Bourgain [35], [36] to construct quasiperiodic solutions. For subse-
quent developments of the KAM approach, see [109], [45], [84], [82], [59], [133],
and references therein.

All the previous results concerned “nonresonant” PDEs, such as the nonlinear
wave equation (0.3) with aj(x) # 0. The term a; (x) allows one to verify, as in the
Lyapunov center theorem, suitable nonresonance conditions on the linear eigenfre-
quencies of the small oscillations, and the bifurcation equation is finite-dimensional.!

The aim of this book is to present recent bifurcation results of “nonlinear oscil-
lations of Hamiltonian PDEs,” especially for “completely resonant” nonlinear wave
equations (0.3) with

ai(x)=0

in which infinite-dimensional bifurcation phenomena appear jointly with small-
divisor difficulties. We shall deal with both autonomous (time-independent) and

! For nonresonant PDEs, an extension of the Birkhoff-Lewis periodic orbit theory has also
been obtained; see [14], [31].
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forced (time-dependent) equations. In the autonomous case our results can be seen
as infinite-dimensional analogues of the Weinstein—Moser and Fadell-Rabinowitz
resonant center theorems. In [48] this case was pointed out as an important open
question.

The plan of the book—which has a mainly didactical purpose—is as follows:

CHAPTER 1: We start with an overview in finite dimensions of the Lyapunov cen-
ter theorem, the Weinstein—Moser and the Fadell-Rabinowitz resonant center
theorems, concerning bifurcation of periodic solutions close to equilibria (non-
linear normal modes), respectively in the nonresonant and resonant cases.

CHAPTER 2: Next we consider infinite-dimensional Hamiltonian PDEs; we de-
scribe the “small divisors problem” and the presence of an infinite-dimensional
bifurcation phenomenon dealing with “completely resonant” autonomous non-
linear wave equations. The infinite-dimensional bifurcation equation is solved
via critical point theory, through a variant of the Ambrosetti—-Rabinowitz moun-
tain pass theorem. The exposition is self-contained (in the appendix we present
the main ideas of critical point theory). This infinite-resonance variational anal-
ysis is the main new contribution of [24] (see also [25], [27], and [30]).

CHAPTER 3 contains a tutorial in Nash—Moser theory, which has been developed to
overcome situations in which the standard implicit function theorem does not
apply because the linearized operator is invertible only with a “loss of deriva-
tives” (due, for example, to the “small divisors”). We present first a simplified
form of this theorem (extracted from the final chapter of Zehnder in [103]) to
highlight the main features of the method in an analytic setting. For complete-
ness, we deal also with a simple differentiable Nash—Moser theorem.

CHAPTER 4: Later we prove a Nash—-Moser-type theorem for completely resonant
nonlinear wave equations, implying the existence of periodic solutions for sets
of frequencies of asymptotically full measure. We emphasize the inversion of
the linearized equation which is the most delicate step of any Nash—Moser im-
plicit function theorem. The required spectral analysis is new (see [26]) and
different from that of Craig—Wayne and Bourgain, allowing us to deal with
nonlinearities with low regularity and without oddness assumptions.

CHAPTER 5: Finally, we present existence results for periodic solutions with ratio-
nal frequency, in the forced case. The infinite-dimensional bifurcation equation
(which now, unlike the autonomous case, is completely degenerate) is solved
via purely variational methods (not of Nash—-Moser type). This approach, de-
veloped as in [22], is based on constrained minimization, and it is related to
elliptic regularity theory as in Rabinowitz [114].

APPENDIX: We present the Hamiltonian formulation of some PDEs including the
Euler equation of hydrodynamics. We also discuss the basic notions in critical
point theory that are used throughout the book. Finally, we prove, via minimax
methods, Rabinowitz’s result [118] about existence of one periodic solution of
a superlinear nonlinear wave equation with rational frequency, following the
proof of Brezis—Coron—Nirenberg [42].
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1

Finite Dimension

Let us consider a finite-dimensional dynamical system
x=f(x), x eR", (1.1)

where the vector field
feC'(R",R")
possesses an equilibrium at x = 0, i.e., f(0) = 0.

e QUESTION: do there exist periodic solutions of (1.1) close to x = 0?

The first thing is to study the linearized system
X = Ax, A= (Dy f)(0). (1.2)

A necessary condition to find periodic solutions of the nonlinear system (1.1)
close to the equilibrium x = 0 is the presence of purely imaginary eigenvalues of
A. Indeed, if all the eigenvalues of 4 have nonzero real part (i.e., the matrix 4 is
hyperbolic), then the Hartmann—Grobmann theorem (see, ¢.g., [68]) ensures a topo-
logical conjugacy between the linear and the nonlinear flows close to the equilibrium;
see Figure 1.1. In this case, since the linear system (1.2) does not possess periodic
solutions, neither does the nonlinear system (1.1).

Therefore, if 4 has the eigenvalues
Myovishn,
not necessarily distinct, we shall assume (recalling 4 is a real matrix) that
Al =iw, Ay = —iw (1.3)
is a pair of purely imaginary eigenvalues with complex eigenvectors
E=el+ien, E=e —ier, ej,e2€R".

Then Ae; = —we>, Aey = we; and the real plane
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ES ES Wx

X' =Ax xX'=1(x)

\/\
/

EU E*

Fig. 1.1. The Hartmann—Grobmann theorem.

E :=span{e;, e} C R” (1.4)

is invariant for the linear dynamics of (1.2), and it is filled up by the (27 /w)-periodic
solutions .
x(t) = Re(C(el + iez)e‘“”) , ceC.

See Figure 1.2. The quantity w is called the frequency.

Remark 1.1. If o = 0, i.e., if 4 is singular, the plane £ is filled by equilibria. In the
sequel we shall give sufficient conditions to find periodic solutions of (1.1) in the
case that (Dy 1) (0) is nonsingular.

Definition 1.2. The matrix A is called elliptic iff all its eigenvalues are purely imag-
inary. In this case the equilibrium x = 0 is called elliptic.

We could expect periodic solutions of (1.1) close to £. However, in general, pe-
riodic orbits need not exist in the nonlinear system, as the following simple example
shows:

: 2 2
[xl = —x2 + (x7 +x3)x1, (1.5)

X2 =x1 + ()cl2 + x%)xz .

Here (x1, x2) = (0, 0) is an equilibrium of (1.5) and the eigenvalues of the linearized
system

x| = —x2,

X2 =X,
are +i. But for any solution x (¢) = (x1(¢), x2(¢)) of (1.5),

d
3 (T O +33(0) =267(0) +23(0))*,
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e

el E

Fig. 1.2. The invariant plane £ of the linear system (1.2) filled by 27 /w-periodic solutions.

so that if a periodic solution x (¢) exists, whatever its period T is,

T d r
0= /O <0 + GOy de = /0 2630 + 230 de

and then x(¢) = 0.
1.1. Exercise: Make the phase portrait of (1.5).

The previous example shows that in order to find periodic solutions of (1.1), the
class of the vector fields f(x) must be restricted.

Two typical conditions are assumed:

(i) Systems with a prime integral (for example Hamiltonian systems);
(i) Reversible systems.

In this book we shall consider only the class (7).

Definition 1.3. A smooth function G:R” — R is a prime integral of (1.1) iff
G (x(t)) = constant along any solution x(¢) of (1.1). Equivalently,

VG(kx)- f(x)=0, VxeR". (1.6)

In other words, every orbit evolves within the level set {G(x) = G(x(0))} of the
prime integral G; see Figure 1.3.

The main example of systems possessing a first integral is that of the autonomous
Hamiltonian systems

(HS) x=JVH(k), xeR”,
where

07
J = (_[ 0) € Mat(2n x 2n)

is the standard symplectic matrix, / is the identity matrix in R”, and the function

H:R” - R
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G(x) = G(x(0)
Fig. 1.3. Every orbit evolves within the level set {G(x) = G(x(0))} of the prime integral G.
is called the Hamiltonian of (HS).
The Hamiltonian H itself is a prime integral of (HS) because
d
EH(x(t)) =VHx(t) - JVHx() =0

by the antisymmetry of .J, namely the transposed matrix J7 = —J.

Remark 1.4. Denoting the variables x = (¢, p) € R” by ¢ = (q1,...,¢,) € R"

and p = (p1,..., py) € R”?, the Hamiltonian system (HS) assumes the classical
form
Iq = 0pH(q. p).
p= _aqH(q,P)~

Considering the symplectic 2-form w: R*” x R*" — R defined by
n
w:=dg Adp = qu,- Adp;,
i=1

the Hamiltonian vector field Xy (q, p) = (0,H(q, p), —0;H(q, p)) € R*" is
uniquely defined, by the nondegeneracy of w, by

dH(g, p) [h] = ©(Xu (g, p), h) = Xulq.p)- Jh, VheR".

1.1 The Lyapunov Center Theorem

We first analyze the form of a prime integral.

Lemma 1.5. Suppose G is a C? prime integral of (1.1), £(0) =0, 4 := (D, )(0)
possesses a pair of purely imaginary eigenvalues (cf. (1.3)) and detA # 0. Then
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(VG)(0) = 0 and there exists p € R such that (DZG)|E(O) = pl, where E is
defined in (1.4).

As a consequence, if (D? G) £(0) is nonsingular, then (DZG)| £(0) is either pos-
itive or negative definite.

Proof. Differentiating (1.6), we obtain
(D*G)(x)¢ - f(¥) + (VO (X) - (D H(x)E =0,  VEeR". (1.7)

Therefore, since f(0) =0, (VG)(0) - A = 0,V¢ € R”, and (VG)(0) = 0 since 4
is nonsingular.
Differentiating (1.7) at x = 0, we obtain

2(D*G)(0)¢ - A5 =0, Ve e R". (1.8)
Restricting (1.8) to E, we obtain, V& = &e; + He, & € R,
0= (D*G)(0)¢ - 4¢
= o[ ~ D) Oer - &2 + & [(D*G) 01 - e1 = (D2G)(O0)es - ]
+ 3D Oer - e ]
ie., (D*G)(0)e; - e2 = 0, (D*G)(0)e; - e; = (D*G)(0)es - €2 = p. Therefore
(D’G)(0) -¢=p(ET+&), ek,

and if (DZG)|E(0) is nonsingular, then p # 0 and (DZG)|E(0) is either positive or
negative definite. u

We can now state the first continuation theorem of periodic orbits close to an
equilibrium.

Theorem 1.6. (Lyapunov 1907 [90]) Let A1 = iw, 1o = —iw # 0 be a pair of
purely imaginary eigenvalues of the nonsingular matrix A := (Dy [)(0) and let E
be the corresponding subspace (1.4).

If the other eigenvalues of A, A, k = 3, ..., n, satisfy the “nonresonance condi-
tion”

ey (1.9)

and if G is a C* prime integral of (1.1) with (D? G)£(0) #£ 0, then for every small
&, there exists a unique T (¢)-periodic solution p(e,t) of (1.1) near E, on the level
set' {G(x) = G(0) + &2}, with period T (g) near 2 | .

As ¢ — 0 the solution p(e, t) L—O; 0and T'(e) — 27 /.

! By Lemma 1.5, (D? G)|£(0) is either positive or negative definite; to fix notation we as-
sume (DZG)|E(O) > 0. In the case (D> G)|E£(0) < 0 the periodic solution p(e, ¢) lies in
the level set {G(x) = G(0) — 82}.
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x(1) = ple, 1)

Fig. 1.4. The Lyapunov periodic solutions p(z, ¢) fill a 2-dimensional embedded disk that is
tangent to the plane £ atx = 0.

The Lyapunov periodic orbits p(¢, ¢) of Theorem 1.6 are parametrized by the
value {G(p(t, €)) = G(0)+&?} of the first integral G; other parametrizations are pos-
sible; see [6]. Note that in general, the Lyapunov periodic orbits are not parametrized
by their frequency: it may happen that all their frequencies are the same, as, for ex-
ample, in linear systems.

Remark 1.7. (Regularity) If f € C"*!, the Lyapunov periodic solutions fit together
into a two-dimensional embedded invariant manifold that is C” and tangent to the
plane E at x = 0; see Figure 1.4. If f and G are analytic, then the embedding is
analytic; see [100].

Remark 1.8. (Multiplicity) By Theorem 1.6, if there are s pairs of purely imaginary
eigenvalues
Ajp=Fiw;, j=1,2,...,s, (1.10)

we obtain s distinct families of periodic solutions having periods close to 27 /w;

under the nonresonance conditions
Ak . .
A_¢Z Ve#£j, j=1,2,...,s (1.11)

J

(and if (D?G)(0) is nonsingular on the corresponding eigenspaces).

Remark 1.9. (Existence) If there are s pairs of purely imaginary eigenvalues A; =
Fiw; with 0 < 0 < -+ < wy—1 < wy (namely Ay is simple), then the Lyapunov
center theorem ensures the persistence of the periodic orbits with the shortest pe-
riod (highest frequency wy). Indeed, the nonresonance condition (1.11) is satisfied
because , )

kK 1 Wk=1,....5—1

As oy
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and /;/(icws) & Z for the other eigenvalues 4; ¢ iR .
The other families need not exist, as the following example [101] shows:

zr =iz +3),
o 2 _ (1.12)
Zy =i(=z2+ jZ12y ), Jjef2,3,...},
where in complex notation, z;y = g + ipy € C. The function
G =jlzil* = Iz

is a prime integral of (1.12) with nonsingular (D*G)(0). Moreover,
d -
3 mG122) = (22 + /221 )Y 2 0,
so that periodic orbits have z, = 0, and therefore
zZ1 = Ceijt , Z) = 0,
gives the solutions of shortest period.

1.2. Exercise: Find explicitly the Lyapunov periodic solutions of the Hamiltonian
system in (R®, Z?:l dq; A dp;) with Hamiltonian

1 1 1
H = ot +p}) + 363 +p3) = 3(@3 + p3) + (0 + 41 (9293 + paps)
when the nonresonance condition 1 # [w, VI € Z, holds.

We shall not prove the Lyapunov center theorem, which, thanks to the nonreso-
nance condition (1.9) and the existence of the prime integral G, ultimately reduces
to the implicit function theorem; see, e.g., [101] (as a particular case of the Poincaré
continuation theorem) and [6] (as a particular case of the Hopf bifurcation theorem).

1.2 The Weinstein—Moser and Fadell-Rabinowitz

Resonant Center Theorems
If the nonresonance condition (1.9) among the eigenvalues of 4 is violated (resonant
case), no periodic solutions except the equilibrium point need exist.

An example due to Moser [99] is provided by the Hamiltonian system in (R*,
Z%:l dg; A dp;) generated by the Hamiltonian

g +ri 4 +p
2 2

Here (g, p) = 0 is an elliptic equilibrium and the eigenvalues of the linearized sys-
tem are i, &i (not simple). But

H =

(@ +A+B+ ) pm—aw).  (113)

d 2
E(%Pz + p1g2) = 4(p1p2 — q192)° + (1112 + P% + 1122 + p%) ,

so that the unique periodic solutionis g = p = 0.
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Remark 1.10. It may be useful, in order to understand the choice of system (1.13),
to introduce “action-angle” variables ¢; = /21; cos@;, p; = /21 sing;,i = 1,2.
The Hamiltonian in (1.13) takes the form

H=1—-0L -4+ bh)v111>cos(p1 + ¢2),

which cannot be transformed into Birkhoff normal form because the frequency vector
o = (1, —1) of the harmonic oscillators “enters in resonance” with cos(k - ¢), k =
(1, 1) (resonance of order 2); see [10].

We also remark that the quadratic part of the Hamiltonian (1.13),

_ Gt a+p
2 2 ’

H :

is neither positive nor negative definite, and that its signature satisfies
sign(Hy) =0

(the signature is the difference between the dimension of the maximal subspace
where H, is positive definite and the dimension of the maximal subspace where
H, is negative definite).

In contrast, two remarkable theorems by Weinstein [ 129]-Moser [98] and Fadell—-
Rabinowitz [61] prove the existence of periodic solutions under the respective as-
sumptions

(WM) (D?H)(0) >0 (or <0), (FR) sign(D*H)(0) # 0.

Note that (WM) is a stronger condition than (FR) and that the nonexistence example
(1.13) violates the condition (FR).

Under (WM), the Weinstein—Moser theorem finds bifurcation of periodic solu-
tions of the Hamiltonian system (HS) with fixed energy, while assuming (FR), the
Fadell-Rabinowitz theorem proves the existence of solutions with fixed period.

Remark 1.11. Assuming just (FR), bifurcation of periodic solutions with fixed energy
was more recently proved by Bartsch [16].

Let us give the precise statements of these theorems.

Theorem 1.12. (Weinstein 1973—Moser 1976) Let H € C*(R*", R) be such that
(VH)(0) = 0 and (D*H)(0) > 0. For all & small enough there exist on each energy
surface {H(x) = H(0) + &2} at least n geometrically distinct periodic solutions of
the Hamiltonian system (HS), see Figure 1.5.

Remark 1.13. Theorem 1.12 was first proved by Weinstein [129]. Moser [98] proved
the extensions described in Remarks 1.19 and 1.16 below.
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H(x)

H = H(0) + &2

D*H(0) > 0

— - H = H(0)

Fig. 1.5. The Weinstein—-Moser theorem.

By the assumptions of the Weinstein-Moser theorem, Theorem 1.12, the point
x = 0 is an elliptic equilibrium. Indeed, the Hamiltonian of the linearized system

x = J(D*H)(0)x
is
1 2
H, .= E(D H)O)x - x.

Since the level sets of H; are ellipsoids, all the solutions of the linearized system
are bounded, and therefore, the eigenvalues of the matrix J(D?H)(0) are all purely
imaginary, say +iwy , ... , Tiw,.

Remark 1.14. Since (D*H)(0) > 0, it could be also proved (see, e.g., Theorem 8 in
[72]) that via a linear symplectic change of variables, A> assumes the diagonal form

n q2.—|—p2.
m=2@12% (1.14)
j=1

The number of solutions found in Theorem 1.12 is, in general, optimal.

Remark 1.15. (Optimality) A first trivial example is provided by the quadratic
Hamiltonian (1.14) where the frequency vector o := (wy, ..., ®,) of the decoupled
harmonic oscillators satisfy the nonresonance condition

w-k#0, VkeZ"\0. (1.15)
In this case the only periodic solutions of (HS) have the form
[@). ) = 4;(Cos(@;t +9)), sin(@;t +9))), i =pi=0.% # |

for j =1,...,n,and 4; is uniquely fixed by the energy level.
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However, the previous example is not really interesting: under the nonresonance
condition (1.15), bifurcation of periodic solutions can be proved just by the Lyapunov
center theorem as discussed in Remark 1.8.

There is also the following “completely resonant” example (for n = 2):

__@i+pD+@+r)
L+ @i +pD—@3+p3)

where (D?>H)(0) > 0 and the eigenvalues of the linearized system are all equal to
+2i. Consider an energy level {H = h}. It is described also as

@7 +pDA—h)+ (g3 +p)(L+h)=h. (1.16)

In other words, the energy surface { H = h} is also the energy surface of the quadratic
Hamiltonian in the left-hand side of (1.16). But if two Hamiltonians share the same
energy level, they possess (on this level) the same trajectories up to a reparametriza-
tion of time.? Then all the orbits of the Hamiltonian system generated by H on the
surface { H = h} are harmonic oscillations, and if

1—h

H——hgéQ’

then the system has exactly only n = 2 periodic orbits.

Remark 1.16. Moser [98] proved also an analogue of Theorem 1.12 for non-Hamil-
tonian systems: if (1.1) has a first integral G with (D>G)(0) > 0, then there exists
at least one periodic solution on each level {G(x) = G(0) + &2}. The difference
with respect to the Lyapunov center theorem, Theorem 1.6, is that the nonresonance
condition (1.9) is NOT assumed.

We now describe the Fadell-Rabinowitz resonant center theorem.

Theorem 1.17. (Fadell-Rabinowitz 1978) Let H € C*(R**, R) with (VH)(0) =
0. Assume that any nonzero solution of the linearized system x = J(D*H)(0)x is
T-periodic (and not constant). If

sign(D>H)(0) =2v # 0,

then either
(/) x = 0 is a nonisolated T-periodic solution of the Hamiltonian system (HS),
or
2 Assume M = {H(x) = h} = {F(x) = f} with VH(x) # 0, VF(x) # 0 on M. Then
VF(x) = AMx)VH(x) with A(x) # 0 on M. If ¢' denotes the flow of the Hamiltonian

vector field JV H (x), and w* the flow of JV F(x), then we have, on M, y*(x) = ¢’ (x),
where £ (s, x) solves dt/ds = (¢! (x)), £(0, x) = 0.
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(ii) there exist a pair of integers k,m > O with k+m > |v| and a left neighborhood,
U;, resp. a right neighborhood, U,, of T in R such that Y1 € U; \ {T'}, resp.
U \{T}, there exist at least k, resp. m, distinct, nontrivial, A-periodic solutions
of the Hamiltonian system (HS). The L°°-norm of the solutions tends to 0 as
A—=T.

X

Fig. 1.6. The bifurcation diagram of the Fadell-Rabinowitz theorem. The upper diagram rep-
resents case (i): there exists a sequence of nontrivial periodic solutions of (HS) tending to 0
with period equal to T (this case holds, for example, if H = H(0) + (1/2) (DZH) O)x - x
is quadratic). In case (i) there exist nontrivial periodic solutions with period 4 near 7'. Such
solutions of (HS) could not depend continuously with respect to the period 4.

Unlike the Lyapunov center theorem (see Remark 1.7), the periodic solutions
of Theorems 1.12 and 1.17 do not, in general, vary smoothly with respect to the
parameters ¢ (energy) and 4 (period).

This will cause a serious difficulty for infinite-dimensional PDEs; see Chapter 4
and especially Remark 4.28.
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Remark 1.18. For the extension to Hamiltonian PDEs, in light of the small-divisor
problem discussed in the next chapters, it will be more convenient to count the num-
ber of periodic solutions with a given frequency, as in the Fadell-Rabinowitz theo-
rem, and not with a given energy.

Remark 1.19. In the Weinstein—Moser theorem, resp. Fadell-Rabinowitz, one could
assume a weaker condition. Suppose R* = E @ F, where E and F are invariant
subspaces of ¥ = J(D?H)(0)x, and all its solutions in £ are T-periodic, while
none of its solutions in F' \ {0} have this period. To conclude the existence of peri-
odic solutions it is sufficient that (D?>H)(0);z > 0 (Weinstein-Moser), respectively
sign(D?H)(0)|g # 0 (Fadell-Rabinowitz).

We shall prove a simplified version of the theorems of Weinstein—Moser and
Fadell-Rabinowitz without obtaining the optimal multiplicity results:

Theorem 1.20. (Weinstein—Moser) Let H € C*(R*",R), (VH)(0) = 0 and
(D2H)(0) > 0. For all & small enough there exist, on each energy surface {H(x) =
H(0) + ¢}, at least two geometrically distinct periodic solutions of the Hamiltonian
system (HS).

We shall prove also a simpler version of the Fadell-Rabinowitz theorem assum-
ing that (D?H)(0) > 0. In this case the eigenvalues of the linearized Hamiltonian
vector field J (D? H)(0),

+iwy, ..., fiw,,

are purely imaginary. For definiteness we suppose
wl=m=--=0, =1, (1.17)
so that the linearized system
x = J(D*H)(0)x (1.18)

possesses a 2n-dimensional linear space of periodic solutions with the same minimal
period 27 .

We remark, however, that, in the general Fadell-Rabinowitz theorem, Theorem
1.17, the periodic solutions of the linearized equation (1.18) need NOT have the same
minimal period 7. For example, it could be w; = j € N, j =1, ..., n, as for the
completely resonant nonlinear wave equations studied in the next Chapter; see (2.6).

Theorem 1.21. (Fadell-Rabinowitz) Under the assumptions above, either
(/) x = 0 is a nonisolated 2x -periodic solution of (HS),
or

(i) there is a one-sided neighborhood U of 1 such that Vi € U \ {1}, the Hamilto-
nian system (HS) possesses at least two distinct nontrivial 27t A-periodic solu-
tions;
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or

(iii) there is a neighborhood U of 1 such that VA € U \ {1}, the Hamiltonian system
(HS) possesses at least one nontrivial 27 A-periodic solution.

Theorem 1.21 is a particular case of a general bifurcation result for potential
operators due to Rabinowitz [116]; see also [119].

Both the Weinstein-Moser theorem and the Fadell-Rabinowitz theorem follow
by arguments of variational bifurcation theory.

The Weinstein-Moser theorem, thanks to the energy constraint, ultimately re-
duces to the search for critical points of a smooth functional defined on a (2n — 1)-
dimensional sphere, invariant under the S'-action induced by time translations. Ex-
istence of a maximum and a minimum is obvious. Multiplicity of critical points is a
consequence of the S'-symmetry invariance; see, e.g., [119].

The Fadell-Rabinowitz theorem is more subtle because there is no energy con-
straint, and one has to look for critical points of a reduced-action functional defined
in an open neighborhood of the origin.

1.2.1 The Variational Lyapunov—Schmidt Reduction
Suppose, for simplicity,
H@©0)=0 and (D’H)(0)=1, (1.19)

i.e., (1.17) (we shall prove also the Weinstein—Moser theorem in this resonant case,
which contains the essence of the problem).

Normalizing the period, we look for 2z -periodic solutions of
JX+AVH(x)=0, (1.20)

and hence x(¢/1) is a 2z A-periodic solution of (HS).

Equation (1.20) is the Euler—Lagrange equation of the C'-action functional
¥(2,):H'(T) > R, T := (R/27Z),

defined, on the standard Sobolev space of 2z -periodic functions H'(T), by
.
(1, x) ::/ (—Jx(t) -x(t)+/1H(x(t)))dt. (1.21)
T \2
Indeed, Vi € H'(T),
. |
(DY) (1, x) [h] = (—Jx h+=Jh-x+AVH&) - h ) dt
T \2 2

=/T(Jx+/1VH(x)) hde, (1.22)
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which follows after integration by parts and using the antisymmetry of J.

To find critical points of the highly indefinite functional ¥ we perform a Lyapu-
nov—Schmidt reduction decomposing

H M :=Vvert,

where
Vo= {v e H'(T) |6 = J(DZH)(O)U}

is a 2n-dimensional linear space (by (1.17)) and
yl.— {weHl(T)l /w-vdt:O, Yo e V}.
T

The map ¥ 5 v — v(0) € R?" is an isomorphism, and on the finite-dimensional
space V', the H Lnorm |jo|| 1 1s equivalent to the Euclidean norm |0 (0)|, and it will
be denoted by |[o]].

Projecting (1.20) forx = v 4+ w, v € V, w € V1, yields

y(J@o+w)+AVH(@W 4+ w)) =0 bifurcation equation,
My (JO+w)+AVH@ +w)) =0 range equation,

where I1y, I1,1 denote the projectors on V, resp. VL

1.2.2 Solution of the Range Equation

We solve first the range equation with the standard implicit function theorem, ob-
taining a solution w(1,v) € ¥+ for v € B,(0) (= ball in ¥ of radius » centered at
zero), r > 0 small enough, and A sufficiently close to 1.

Indeed, the nonlinear operator

FRxVxvtospt
with range in V'+ := {w € L*(T) | [yw-vdt =0, Yo € V'}, defined by
F,o,w) =My (JO+w)+ AVH(@ + w)),
vanishes at F(1, 0, 0) = 0, and its partial derivative
(D F)(1,0,0) [W] =, (JW + (D*H)O)W), YW eVt,

is an isomorphism between '+ and V*. The solution w(4,v) € ¥+ of the range
equation is a C! function with respect to (1, v).
We have
w(2,0)=0 (1.23)

and
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(D, w)(1,0) = —(D,F)~1(1,0,0)(D,F)(1,0,0) =0 (1.24)
because
(D, F)(1,0,0)[A] = Iy (Jh + (D*H)(0)h) =0, YheV.
By (1.23)—(1.24) it follows that
w(A,v) =o(|v]) asv — 0 (1.25)

uniformly for A near 1.
For future reference we also note that

16, w (2, v)|l = O(lvll) asv — 0 (1.26)
for A close to 1. Indeed, differentiating yields
(D F)(A,v, w(L,0))0,w(A,v) = —(0)F)(4, v, w(4,0))
= -, VH@+ w(4,0)). (1.27)

For 2 —» 1,0 — 0, (D,F)(A,0,w(4,v)) is an isomorphism, being close to
(D F)(1,0,0). By (1.27), (1.25) and since V H(0) = 0, we deduce (1.26).

Remark 1.22. Under the assumption (1.19), 6, w(4, v) = o(||v]), because
HytVH@ + w(Z,0)) =Hpi(0 + w(d,v)) +o(lvl) = w,v) +o(llvl]).

1.2.3 Solution of the Bifurcation Equation
It remains to solve the finite-dimensional bifurcation equation
My(J@® + w(l,0))+AVH@ + w(l,0))) =0. (1.28)

Equation (1.28) is still variational, being the Euler-Lagrange equation of the
“reduced-action functional” ® (4, -): B,(0) C V' — R defined by

D, 0) =Y, 0 +w(,0). (1.29)
Indeed, Vh € V,
(D) 0) [H] = (DF)Csv + w2, )|+ (Dyw) (2 0) [4] |
= (D)4, v+ w(L,v))[h] (1.30)
(‘E)/THV(J@+w)+/WH(u+w))-h, (1.31)

and in (1.30) we have used that
(D)2, 0 +w(,0)[W]=0, VWeVt, (1.32)
since w(4, v) solves the range equation, and (D, w)(4, v) [h] € VL.

Remark 1.23. The variational nature of the bifurcation equation dealing with varia-
tional problems is a general fact; see, e.g., [4], [119].

Now the proofs of the Weinstein—Moser and Fadell-Rabinowitz resonant center
theorems become different.
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1.2.4 Proof of the Weinstein—Moser Theorem

We need to find critical points of the action functional
1
Y(4,x):= / EJX(f) -x(t) + i/(H(x(t)) - 62) dr, (1.33)
T T

which differs just for the “energy” constant &2 by the action functional (1.21); with
a slight abuse of notation we shall use the same symbol for denoting both (clearly,
their corresponding Euler—Lagrange equations are the same).

We do not fix the value of 4, but we impose that
(Dy®)(2,0) [0] = 0 (1.34)
(the radial derivative of the reduced-action functional @ vanishes).

Lemma 1.24. Equation (1.34) can be solved for A = A(v), Yo € B,(0) \ {0}, for
r > 0 small enough. The function J.(v) is C', 2(v) = 1 asv — 0, and

DyA(0)[p] > 0 as v — 0. (1.35)

Postponing the proof of Lemma 1.24, we now consider

S; = {v € B.(0) | S(w) := /TH(U + w(1(),v))dt = 27‘[82}

for ¢ > 0 small enough. Since S(0) = 0, thenv =0 ¢ S,.
Lemma 1.25. S; C B, (0) \ {0} is a compact (sphere-like) manifold and
T,S:® (v) =V, Yo € S;. (1.36)

Proof. We claim that there exist ¢y, ¢; > 0 such that

alvl® < S©) < ealol®,  clol® < DyS©) ] < ellol? (1.37)
asv — 0. Indeed, since H(0) = 0, VH(0) = 0, and by (1.25),

$0) = [ H+ 00010 =5 [ O HO-0+olblP).
whence the first inequalities in (1.37) (we use that (D> H)(0)v - v is constant along
the solutions v of the linearized system (1.18)).

Next, using (1.25), (1.26), (1.24), and (1.35),

D,SOI] = [ (VD@ -+ wG0), oo+ (D) 0]+ (D) D, 20) 0]

= /T(DzH)(O) [v 4+ o(llvID][v + o(llvID] , (1.38)
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whence the second inequalities in (1.37).

By the first inequalities in (1.37), S; is strictly contained between the spheres of
radii £(27 /c2)'/? and £(27 /c1)'/?. Moreover, S, is closed because S is continuous.
Furthermore, by the second inequalities in (1.37), Vo € S, D, S(v) # 0, whence S,
is a manifold with tangent space

T,S, = {h e V| D,S()[h] = o},

and (1.36) follows because D, S(v) [v] > 0 by (1.37). [ ]

Remark 1.26. Under (1.19), D,w = o(||v||) by Remark 1.22, and we would not need
the estimate (1.35) to get (1.38). We have preferred, however, to give the general
argument.

]

T5Se

Fig. 1.7. The sphere-like manifold S.

Finally, we define the functional /: B,(0) — R as
1) := ®(A(v),v).
Lemma 1.27. A4 critical point v € S; of I: S — Ris a critical point of
®(A@®),):B(0)cV —> R

(with fixed period A(D)). As a consequence,
_ (! - - - -
y(t) = x(rﬁ)) , where X =0+ w(l®),0)

is a 21 A(v)-periodic solution of (HS) with energy H(y) = &2.
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Proof. Differentiating in the definition of 7 yields, Vi € T;S,,
DI®)[h] = (6,D)(1(0), D) Dy A(®) [1] + (6, @) (A(v), D) [A] . (1.39)

Now

@:0)(2,5) "2 (0, %)(1, 5 + w4, 5)) + (D) (2, 5 + (4, 7)) [0;0]

(1:33) / (H® + w2, 5)) — &%) dt (1.40)
T
because (DY) (4, o + w(, ) [6;w] = 0 by (1.32) and ;w € VL.

Furthermore,
(0, @)(4(0),0) =0

because the term (1.40) vanishes for 1 := A(0), since v € S;. We conclude by (1.39)
that at the constrained critical point v € S; of I,

0=DI@)[h] = @®)(AL@),5)[h], VheT;S,. (1.41)

By (1.34) we have also (6,®)(1(0),0)[0] = 0, and since T;S; ® (0) = V, we
deduce that o is a critical point of ®(4(0), -): B,(0) C V — R.

Hence x = o 4+ w(4(0),0) is a solution of (1.20) and its energy H(v +
w(A(®), 0))(¢) is constant in time. Therefore, since v € S;, it is equal to &2. [ |

To conclude the proof of Theorem 1.20, since the manifold S, is compact, I|s,
possesses at least one maximum and one minimum, implying the existence of at least
two geometrically distinct periodic solutions of the Hamiltonian system (HS) with
energy ¢ and with periods close to 2.

Proof of Lemma 1.24. By (1.31),

(D, ®) (2, 0) [v] "2 / J(® + (2, 0)) v+ AVH® + w(i,0)) - 0
T
= R, 0)+A-1)04,0), (1.42)

where

o, v) = /T(VH)(D +w(,v)) v,

and since Jo = —(D?H)(0)v, using the antisymmetry of J and integrating by parts
yields

R(A,0) ::/TJu'rv+VH(v+w)-v—(DZH)(O)v-v
=/w'JD—i—VH(U—i-w)'v—(DZH)(O)1)~1)
T

= / [VH(U + w) — (D*H)(0)(v + w)] 0. (1.43)
T
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By (1.42), equation (1.34) amounts to solving

B R(A,v)
0@, v)
By (1.43), since (VH)(0) = 0 and by (1.25),

A=1

R(%,0) =o([lv]l?),

and differentiating and using also (1.26),

R, 0) = /T [(DZH)(D +w) — (DZH)(O)]ﬁgw o =o(v]?).

Next, still by (1.25),
00, v) = / (D> H) (00 - v + o(llo]?) > cllo]?
T

for some constant ¢ > 0 and v small enough.
By (1.45) and (1.47), we have

R(4,0)
0G0y

Furthermore,

5 R(4,0)\ R4, v)  R(4,0)0,0(4,0)
A(Q(z,u))‘ 00,v) (00, 0)?

Differentiating in the definition of Q yields
2 (1.26) 2
0:00.0) = [ (DPE)0+wGo)ew -0 "2 0P,
T
By (1.48), the estimates (1.46), (1.47), (1.45), and (1.49) imply

R(4,0)
82(Q(/1’U))—>0 as v—>0.
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(1.44)

(1.45)

(1.46)

(1.47)

(1.48)

(1.49)

(1.50)

By an implicit function theorem argument we can solve (1.44), obtaining 1(v) for v

small. Clearly A(v) —» laso — 0.
We finally prove (1.35). Differentiating in (1.44) yields

_ (Dy G)(A(v),v) [v]
1+ (D;G)(A(v),v)’

where for brevity we have set G(4,v) := R(4,v)/0O(4, ).
By (1.50), D; G(4,v) = 0 as v — 0, whence

Dy i(v)[v] =

|DyA(v) [v]] < 2|(Dy G)(A(v), v) [v]].

(1.51)
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Finally (omitting the symbol of 1(v)),

D,R@)[v] R@) D, Q(v) [v]
Q@) (0W)?

(D, &) () [v] =

Now, differentiating in (1.43),

DRO) = [ [P0 +0) = 0 1DO]0+ D)o
+ [V +w) = (DX O© +w)] - = o(lo))

and
(P,OO) ) = [ (D)0 + )]0+ D,w) )0 [0]] -0 = O IP)

imply, together with (1.47) and (1.45), that (D, G)(v) [v] = 0aso — 0. By (1.51)
we deduce (1.35). |

1.2.5 Proof of the Fadell-Rabinowitz Theorem

To prove Theorem 1.21 we have to find nontrivial critical points of the reduced action
functional ® (4, -) defined in (1.29) near v = 0 for fixed 4 near 1 (fixed period).

The functional ® (4, -) possesses a strict local minimum or maximum at v = 0,
according as 4 > 1 or 4 < 1, because by (1.25) and H(0) = VH(0) = 0,

®(A,0) = /T %Ji) 0+ %(DZH)(O)D v+ o(lo|)

(-1
2
(4-1

=" 22 (D*H)(0)(®) - v@) +o(v]*), VOeT, (1.52)

2
/0 (D H) (00 (1) - o (1) di + o([lo]]?)

because (DZH )(0)o - v is constant along the solutions of (1.18).

If v = 0 is not an isolated critical point of ®(1, -), then alternative (i) of Theorem
1.21 holds.

Thus, for what follows, we assume that » = 0 is an isolated critical point of
@ (1, -). Consequently, either

(a) v = 01is a strict local maximum or minimum for ®(1, -);
(b) @(1,-) takes on both positive and negative values near v = 0.

Case (a) leads to alternative (if) and Case (b) leads to alternative (iii) of Theorem
1.21. Figure 1.8 gives the idea of the existence proof.

Case (a): Suppose v = 0 is a strict local maximum of @ (1, -) (to handle the case
of a strict local minimum just replace @ with —®).
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Case (a) °(1,0)

D(1,0)

Case (b)

21

A>1

Fig. 1.8. In case (a), ®(1, -) has a strict local maximum at o = 0, and for 4 > 1, (4, )
possesses at least two nontrivial critical points. In case (b), @ (1, -) takes on both positive and
negative values near v = 0, and for 1 # 1, ®(4, -) possesses at least one nontrivial critical

point.

Since (1, 0) = 0, for » > 0 small enough,
3 >0 suchthat ®pp.(1,:) < =24

By continuity, for 4 near 1,
Qo5 (4,:) < —p.

Take 4 > 1. By (1.52), ®(4, -) has a local minimum at » = 0, and there exist

p € (0,7), a(4) > 0 such that
D(A,v) >a(d) >0, Vo € 0B, ;

see Figure 1.9.
The maximum
c(4) :=max ®(4,v) > a(l) >0

vEB,

(1.53)

is attained in the interior of B, because ® (4, -) is negative on 0 B,.. Furthermore, the

maximum is not attained in v = 0 because ® (1, 0) = 0.
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Fig. 1.9. Case (a): the level sets of the functional ® (4, -).

To find another nontrivial critical point of ®(4, -), we define the mountain pass
critical level

c(d) = ylren; max, @4,y @),
where the minimax class I is
r= {y e C([0,1],B,) | 7 (0) = 0and y (1) e éBr} . (1.54)
Since any path y € I intersects {v € V' | ||v]| = p}, by (1.53),
cA)>a(l)>0. (1.55)

The mountain pass theorem of Ambrosetti—-Rabinowitz [7] cannot be directly applied
because @ (4, -) is defined only in a neighborhood of 0. However, since

(D) za(d)>0>—=f=d(, )ps,,

it is easy to adapt its proof to show that ¢(1) is a critical value. Applying Theo-
rem B.10 in the appendix to @ (4, -), we conclude that there exists a Palais—Smale
sequence v, € B, at the level ¢(1), i.e., such that

DL, on) = c(), VO, )= 0. (1.56)

By compactness, up to a subsequence, v, — 0 € B,. Actually, o € B.(0) \ {0}
because ®(4,0) = c¢(4) > 0 and ®(4, )js < 0, D(4,0) = 0. The point 0 is a
nontrivial critical point of @ (4, -) at the level ¢(1).

If ¢(4) < ¢(1), then @ (4, -) has two distinct critical points. If ¢(1) = ¢(4),
then ¢(4) equals the maximum of ® (4, -) over every curve in I'. Therefore there are
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Fig. 1.10. The isolating “Conley set.”

infinitely many maxima for » > 2, and at least 2 for » = 1. In any case, alternative
(i) holds.

Case (b). Again the idea is to reduce the proof to an argument of “mountain
pass” type. In this case, since @ (1, -) takes on both positive and negative values near
v = 0, the functional ® (4, -) possesses the mountain-pass geometry both for 1 > 1
and 4 < 1. The construction is more subtle than the previous case because a level set
of @ (1, -) no longer bounds a compact neighborhood of v = 0.

Let us consider the negative gradient flow

[%n(t, v) = =Vo(l, 5, 0)),

n(0.0) =0, (1.57)

which has a unique solution local in time for all v € V near zero (by (1.30) the vector
field VO (1, v) is in C! because w(4,v) € C1).

In the sequel we take 7 > 0 small enough that ®(1, -) has no critical points in B,
except v = 0, i.e., the only rest point of V®(1, -) in B, is v = 0.

In order to apply a deformation argument, the main issue is the construction of
an “isolating Conley set’:

Proposition 1.28. ([116]-[119]) There exists an open neighborhood Q C B, of v =
0 and constants c4 > 0 > c_ such that Vv € 0Q either

i) ®(1,v) =ct or
@ii) ®(1,v) =c or
@iii) n(¢,v) € 60, Vt near 0.
Proof. The open neighborhood Q will be constructed taking a sufficiently small ball

B, C B, and letting it evolve in the future and in the past by the negative gradient
flow generated by (1.57); see precisely the definition (1.58).
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We follow the exposition in [119]. Let us first define
St = {1) € B : y(t,v) € BVt > 0}

and ) .
ST = {v € B, : n(t,v) € BVt <O}.

Lemma 1.29. ST, S~ #£ 0.

Proof. Let us verify the ST case. Let v,, € B, be a sequence such that v,, — 0 and
®(1,v,) > 0. Consider the solution #(¢, v,,) of (1.57).

We claim that there exists a largest #,, < 0 such that #(ty,, v;y) =: ym € 0B,. If
not, the orbit defined for negative times passing through v,, at ¢ = 0 is contained in
By, so it must have a cluster point that is a critical point of ®(1, -) in B, with positive
critical value. But by assumption, there are no other critical points of ®(1,-) in B,
exceptov = 0.

Furthermore, #,, - —oo as m — +00, because v = 0 is an equilibrium of the
C! vector field =V (1, v).

Let y be a limit point of y,,. Then #(¢, y) € B, forallt > Oandsoy € ST. m

Remark 1.30. By the negative gradient structure of (1.57), there results
St = {v € B. : n(t,v) € B, Vt > 0and 5(t,v) 210 } )

Indeed, if 5(¢, v) remains in B, for all t > 0, 1(t, v) has to converge to some con-
nected component of the critical set of @ (1, -) in B,, i.e., to v = 0, by the assumption
onr > 0. Similarly,

S™ = {v € B, : n(t,v) € B, Vt < 0and 5(t,v) 27 }

Letusdefine 4. :={o eV : ®(1,v) <c}.

Lemma 1.31. There exists 0 < & < r such that if ¢ :== max, .z ®(1,v) and v €
B\S™, then as t — —o0, the orbit 5(t,v) leaves A. N By via A:\0B,.

Proof. By contradiction. There are sequences &, — 0, v, € Bgm\S_, and #,, <
0 such that z,, := 5(t,,v,) € 0B, (we take f,, to be the largest time such that
N(tm, vm) € 0B,) and

min ®(1,0) < ®(1,z,) < max O(1,0).

vEB,, vEB;,

Therefore, up to a subsequence, z,, — z € 8B, and (1, z) = 0. Arguing as in the
proof of Lemma 1.29, we deduce that z € ST. By Remark 1.30 we get 7(¢, z) — 0 as
t = +o00. Hence ®©(1, 5(t,z)) - ®(1,0) = 0ast — 4o0. However, ®(1,z) =0,
and the function t — ®(1, (¢, z)) is strictly decreasing. This contradiction proves
the lemma. ]
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Let ¢ be as in Lemma 1.31 and define

¢t i=max ®(1,0) > 0, ¢ = min ®(1,v) < 0.
veB; veEB,

By the previous lemma we get the following:
Lemma 1.32. Vo € B,\S™ there is a corresponding t~(v) < 0 such that
O, 7t~ @),0) =ct and 5yt~ (),v) ¢ 6B,.
Similarly, Yo € B,\S™ there is a corresponding t*(v) > 0 such that
O, n(tT (@), 0)) =c~ and nt*T(),v) & B,.
Finally, define
0:={nt,v) :veB; and 1~ (v) <t <tt()}, (1.58)
where if v € S™, then ¢~ (v) := —o0, and if v € ST, then T (v) := +o00.

Lemma 1.33. The function ¢~ (-): B; — R U {—00} is upper semicontinuous;
t+(): B, = RU {400} is lower semicontinuous.

Proof. Let us verify the ¢ case.
(a) We claim that if » € B,\S*, then Vo, — v = liminft+(v,) > t+(v).

If not, there exists v, — v, v, € B;\ST, such that 7 := liminfr T (v,) < tT(v).
Since the function t — (1, (¢, v)) is strictly decreasing, we get

o1, 5(z,0)) > (1, 7t (), 0)) =c. (1.59)

However, ¢~ = ®(1, n(t*(v,), v,)), V. Up to a subsequence, ¢ (v,) — 7, and
therefore, by the continuity of the flow, we get

¢ =Ilimd(l, n(t+(v,,),v,,)) =0, 5(r,v)) > c~

by (1.59). Contradiction.

Actually, it is true that T is continuous on B;\S+.
(b) We claim that if o € B, N ST, then Vo, — v = lim¢*(v,) = 400.

If not, there exist v, — v and T < +oo such that t*(v,) < T. Clearly v, €
B:\St (because t*(v) = +00 on ST).

We have @ (1, #(t*(v,),v,)) = ¢~ < 0, Vn. Up to a subsequence, ¢ (v,) —
7 < T, and therefore, ®(1, 5(z,v)) = ¢~ < 0. This contradicts the fact that
@(1, 5(t,v)) > 0,Vt > 0 (since v € ST, then 5(¢t,v) — 0ast — +oo and
t — ©(1, n(t,v)) is strictly decreasing). [ |

Proof of Proposition 1.28 completed. We first verify that O is an open neighborhood
ofv =0.Clearly 0 € B, C Q. Next, ifz € Q then z = 5(t, v) for some v € B, and
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some ¢t € (t~(v),tT(v)). Take J small such that Bs(v) C B, and such that for all
w e Bs(v), 1 (w) <t < tT(w) (which exists because ¢+ (-) is lower semicontinuous
and ¢~ (+) is upper semicontinuous).

The set n(¢, Bs(v)) C Q is a neighborhood of z € Q. Therefore Q is open.
Let us show that if o € 0Q then either (i) or (if) holds, or the possibility (iif) occurs.

Let o € 0Q. Hence there exist v, = #n(t,,x,) € O, x, € B, t, €
(t~(xp), tT(x,)) such that v, — v. Calling O, := {5(t,v) | t € R} the orbit of
(-, v), it is easy to see that, passing to the limit, @, N B, # @; namely, there exist
x € B, and 7 € Rsuch that v = #(z, x).

Then, either ®(1,v) = ¢* and case (i) or (if) holds; or ®(1,v) € (¢~ c™).
In this latter case, t € (t~(x),t"(x)). Hence x € 0B, for otherwise, v € O.
Furthermore, ®(1, (s, x)) € (c¢~,c™) for s near 7. It is clear that 5(s,x) € 60
for s near 7. Indeed, 7(s,x) = lim, 5(s, x,), x, € Bg, x, — x, and therefore
s e (™ (x), tT(x)).

The proof of Proposition 1.28 is complete. [ ]

Conclusion of Case (b). Define the mountain pass level

2) = inf O,y
c() J‘éré‘?ﬁ‘,’i] (4, 7)),

where )
r= {y € C([0,1],0) | 7(0) =0and y (1) e T‘} (1.60)

and
T~ = {1) esS CD(],U)ZC_} #0.

For A > 1, as in (1.55) we conclude that ¢c(1) > a(1) > 0.
We can now obtain the existence of a Palais—Smale sequence v, € Q at the level
c(4), i.e., such that

DL, 0n) = c(2), VO, )= 0. (1.61)

The argument (see for the proof Remark B.4) is based on a standard deformation
argument using that —V® (1, v) is a pseudogradient vector field for ® (4, ») for all
v € 00 and constructing, thanks to Proposition 1.28(iii), a pseudogradient vector
field that leaves Q invariant under its flow.

By compactness, v, — 0 € Q. Actually, ¥ € int O because V®(1,v) # 0
Vo € 60 for A sufficiently close to 1. Again v # 0 because ®(4,0) = ¢(4) > 0 and
®(4,0) =0.

The proof of the Fadell-Rabinowitz theorem, Theorem 1.21, is complete. [ ]

Remark 1.34. So far, periodic solutions close to the equilibrium were obtained from
assumptions on the linearized vector field only. The periodic solutions found are
the continuations of the linear normal modes having periods close to the periods of
the linearized equation. If, in contrast, the Hamiltonian vector field is “sufficiently
smooth and nonlinear,” then an abundance of periodic solutions with large period is
expected (Birkhoff-Lewis orbits [34]); see also [23]. An extension of these results to
Hamiltonian PDEs has been given in [14], [31].
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Before concluding this chapter we remark that global variational methods for
finding periodic solutions of Hamiltonian systems as critical points of the action
functional have been successfully used since the pioneering papers by Rabinowitz
[117] and Weinstein [130], where, independently, the existence of at least one pe-
riodic solution was established on each compact and strictly convex energy hyper-
surface. We refer to the books by Ekeland [56], Mawhin—Willem [91], and Hofer—
Zehnder [72].

We also quote the longstanding conjecture stating the existence of at least n geo-
metrically distinct periodic orbits (closed characteristics) on any compact and convex
energy hypersurface (this is a nonperturbative analogue of the Weinstein—-Moser the-
orem).

Ekeland and Hofer [57] have proved the existence of two closed characteristics
(Theorem 1.20 can be seen as a particular case of this result).

The best results available at the moment are by Long and Zhu [86], where the
existence of at least /2] 4 1 closed characteristics was proved.

We shall not, however, pursue this path, but we shall describe the extensions of
the Lyapunov, Weinstein—-Moser, and Fadell-Rabinowitz theorems regarding bifur-
cation of small-amplitude periodic solutions of Hamiltonian PDEs.
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Infinite Dimension

We want to extend the local bifurcation theory of periodic solutions described in the
previous chapter to infinite-dimensional Hamiltonian PDEs.

Let us consider the autonomous nonlinear wave equation

[un — ttxe a1 (0 = @ (0’ + a3’ + - @

u(t,0) =u(t,7r)=0,

which possesses the equilibrium solution u = 0.
As in the previous chapter we pose the following question.

e QUESTION: do there exist periodic solutions of (2.1) close to u = 0?

The first step is again to study the linearized equation

[utt —Uxxy +ai (x)u =0, (2.2)

u(t,0) =u(t,7)=0.

The self-adjoint Sturm-Liouville operator —6,, + @1 (x) possesses a basis {¢;};>1
of eigenvectors with real eigenvalues 4,

(_8xx +a1(x))¢j = /1]'(0]‘ s /11‘ — 400. (2.3)

The ¢; are orthonormal with respect to the L? scalar product.

In this basis, equation (2.2) reduces to infinitely many decoupled linear oscilla-
tors: u(t, x) = Z_;’ u;j(t)p;(x) is a solution of (2.2) if and only if

iij+/1juj:0 j=12,.... 2.4)

If —0yx + a1(x) is positive definite, all its eigenvalues 4; > 0 are positive and
u = 0 looks like an “infinite-dimensional elliptic equilibrium” for (2.2) with linear
frequencies of oscillations

wj =1
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/
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91(x) pj(x)

Fig. 2.1. Equation (2.2) is equivalent, in the basis of eigenvectors ¢, to infinitely many de-
coupled harmonic oscillators with frequencies @ .

see Figure 2.1. The quadratic Hamiltonian that generates (2.2),

2 2

T 2

P uy u
Hz(u,p)=/ Py 0 dx,
v 272 2

where p := uy, is positive definite and, in coordinates, can be written

2 2
p+/1,u
H = Q’
2= 7

j=1
where p; :=u; € 1% (Plancherel theorem).

Remark 2.1. If some A; < 0 (there are at most finitely many negative eigenvalues
since A; — +00) then the corresponding linear equation (2.4) describes an harmonic
repulsor (hyperbolic directions).

The general solution of (2.2) is given by the linear superposition of infinitely
many oscillations of amplitude a;, frequency w;, and phase ¢; on the normal modes
?j:

u(t,x) = Zaj cos(w;t +6;)p;(x).
Jjz1
Hence all solutions of (2.2) are either periodic in time, quasiperiodic, or almost
periodic.

A solution u is periodic when each of the frequencies w; for which the amplitude

a; is nonzero (active frequencies) is an integer multiple of a basic frequency w:

COj:lja)(), l‘,'GZ.

In this case u is 27 /wog-periodic in time.
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The solution u is quasiperiodic with an m-dimensional frequency base if there
is an m-dimensional frequency vector wg € R” with rationally independent compo-
nents (i.e., wg - k # 0, Vk € Z" \ {0}) such that the active frequencies satisfy

wj=1j~w0, leZm.

A solution is called almost periodic otherwise, namely, if there is not a finite number
of base frequencies.

It is a natural question to ask whether some of these periodic, quasiperiodic, or
almost-periodic solutions of the linear equation (2.2) persist in the nonlinear equa-
tion (2.1).

2.1 The Lyapunov Center Theorem for PDEs

Bifurcation of small-amplitude periodic and quasiperiodic solutions of (2.1) was
indeed obtained by Kuksin [81] and Wayne [128], extending KAM theory. Next,
Craig—Wayne [51] introduced the Lyapunov—Schmidt reduction method for Hamil-
tonian PDEs to handle the nonlinear wave equation (2.1) with periodic spatial bound-
ary conditions where some resonance phenomena appear due to the near coincidence
of pairs of linear frequencies.

We start by describing the Craig—Wayne result [51], which is an extension of the
Lyapunov center theorem to the nonlinear wave equation (2.1).

The main difficulty to overcome is the appearance of a
(i) “small divisors” problem

(which in finite dimensions arises only in the search for quasiperiodic solutions).
To explain how it arises, recall the key nonresonance hypothesis (1.9) in the Lya-
punov center theorem, !

w;j—loy #0, VielZ, Vj=2,...,n.

In finite dimensions, for any e sufficiently close to w1, the same condition w; —/w #
0,vl e Z,Vj =2,...,n,holds, and the standard implicit function theorem can be
applied.

In contrast, the eigenvalues of the Sturm—Liouville problem (2.3) grow polyno-
mially? like A i~ j2 4+ 0(1) for j — 400 (as is seen by lower and upper com-
parison with the operator with constant coefficients; see e.g., [111]), and therefore
®; = j + o(l). As a consequence, in infinite dimension, when w; ¢ Q, the set

{wj —lwy, VlIeZ, j=2,3,..}
! The eigenvalues of the finite-dimensional matrix A4 of the previous chapter correspond here

tO:l:iC()j,j= 1,....
2 For example, the eigenvalues of —dyy + m are Aj = 2 + m with eigenvectors sin(jx).
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accumulates to zero, and the nonresonance condition
w;—lwy #0,VleZ, j=2,3,..., (2.5)

is not sufficient for application of the standard implicit function theorem.

This is the “small divisors” problem (this name is due to the fact that such quan-
tities appear as denominators), which shall be described in more detail at the end of
this chapter and in Chapter 4.

Nevertheless, replacing (2.5) with some stronger condition can ensure the persis-
tence of a large Cantor-like set of small-amplitude periodic solutions of (2.1).

A typical result is the following.

Theorem 2.2. (Craig—Wayne [51]) Let
fx,u):=a(x)u— ar()u? — a3 () + - -

be a function analytic in the region {(x,u) | |Imx| < o,|u] < 1} and odd
f(=x,—u) = — f(x,u). Among this class of nonlinearities there is an open dense
set F (in the co topology) such thatV f € F, there exist r. > 0, a Cantor-like set
C C [0, r.) of positive measure, and a C* function Q(r) with Q(0) = w; such that
Vr € C, there exists a periodic solution u(t, x; r) of (2.1) with frequency Q(r). These
solutions are analytic in (x, t) and satisfy

lu(t, x;7) —rcos(Qr))e(x)] < Ccr?, Q) —w] < Cr?.

The Lyapunov solutions u(z, x; r) are parametrized with the amplitude r, but also
the corresponding set of frequencies Q(r), r € C, has positive measure.

The conditions on the terms aj (x), a2 (x), a3(x), etc. are, roughly, the following:
first a condition on a;(x) to avoid primary resonances on the linear frequencies w;
(which depend on a1); see the nonresonance condition (2.5). Next, a condition of
genuine nonlinearity placed on az(x), a3(x) is required to solve the 2-dimensional
bifurcation equation.

Some cases of “partially resonant” PDEs, where the bifurcation equation is 2m-
dimensional, have been next studied in [52].

The “completely resonant” case
aj(x) =0,

where
w;=j, Vj eN (2.6)

(infinitely many resonance relations among the linear frequencies) remained an open
problem.

In this case all the solutions of (2.2) are 2z -periodic. This is the analogous situa-
tion considered in finite dimensions by the Weinstein—Moser and Fadell-Rabinowitz
resonant center theorems.
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For infinite-dimensional Hamiltonian PDEs, aside from the small-divisor prob-
lem (%), this leads to the further complication of an infinite-dimensional bifurcation
phenomenon.

In the sequel we shall discuss the extension to Hamiltonian PDEs of the results
of Weinstein—Moser and Fadell-Rabinowitz. The required infinite-dimensional res-
onance variational analysis is the main contribution of [24]-[25] and [27].

Remark 2.3. To prove existence of quasiperiodic solutions with m-frequencies
u(t,x) =U(wt,x), weR",

where U(-, x): T" — R, the main difficulty with respect to the periodic case lies in
a more complicated geometry of the numbers w -/ — w;, [ € Z", j € N. Existence
of quasiperiodic solutions with the Lyapunov—Schmidt approach has been proved by
Bourgain [35], [36]. For existence results via the KAM approach, see, e.g., [109],
[45], [84], [82], and references therein.

2.2 Completely Resonant Wave Equations

From now on we shall consider the completely resonant PDE

Uy —uxx = fx,u), .7)
u(t,0)=u(t,7)=0,
where
flx,u) = a,()u? + 0Pt p>2.
The linearized equation at u = 0,
Uy —uxy =0, (28)
ut,0)=u(t,7)=0,

possesses an infinite-dimensional linear space of periodic solutions with the same
period 27, called the kernel of the D’ Alembert operator

O:= 6;[ - ﬁxx
with Dirichlet boundary conditions. Indeed, any solution of (2.8) can be written as

o(t,x) = Zaj cos(jt 4 0;)sin(jx)
Jj=1

(Fourier method ), and it is 2z -periodic in time.
It will be also convenient to express the solutions of the wave equation (2.8) using
the D ’Alembert method, namely, representing

o(t,x)=n(t+x)—nt—x), (2.9)

where # is any 2z -periodic function, as the linear superposition of two waves with
the opposite profile # traveling in opposite directions.
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Lemma 2.4. Every solution of (2.8) can be written in the form (2.9).

Proof. The general solution of [lu = 0 can be written as
u(t,x) = p(t +x)+4q@ —x)

for any p, ¢:R — R. Indeed, in the “characteristic” variables sy = ¢ 4+ x, s— =
t — x, the equation

(Grr — Oxx)ut = (8 +0x) 0 (& — 8y )u =0

reads d;+ o d;—u = 0. Imposing the Dirichlet boundary conditions

u(t,0)=p@)+q@) =0, vt ,
u(t,t)=pt+n)+qit—n)=0, Vt,

we get
q(t) =—p@) and pit+rn)=—q(t—n)=pt—m=m), Vt.

This last relation shows that p(-) is a 2z -periodic function, and we have written
u(t,x) = p(t + x) — p(t — x) in the form (2.9). [ |

For proving existence of small-amplitude periodic solutions of (2.7), the new
difficulty to overcome is the following:

(ii) the presence of an infinite-dimensional space of periodic solutions of the linear
equation (2.8) with the same period: which solutions of (2.8) can be continued
to solutions of the nonlinear equation (2.7)?

The first existence results for completely resonant wave equations were obtained
by Lidskij—Shulman [87] and Bambusi—Paleari [15] for f(u) = u>. The small-
divisor problem (i) is bypassed, imposing on the frequency w a strong nonresonance
condition (see (2.16) below) that is satisfied on a zero-measure set W, . The choice
of the nonlinearity f(#) = u> is due to the method used to solve the bifurcation
equation.

In [24], solving the infinite-dimensional bifurcation equation via min—max vari-
ational methods, we proved existence of periodic solutions of (2.7) for the same
zero-measure set of frequencies W, , but for a general nonlinearity. For simplicity
we now present these results for the nonlinearities

f(u) :=au? a#0, p=>2,

where p is either an odd or an even integer.

We start with the easier case that p is odd.
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2.3 The Case p Odd

Since the nonlinear wave equation (2.7) is autonomous, the period of the solutions is
a priori unknown, and we introduce it as a free parameter.
Normalizing the period, we look for 2z -periodic solutions of

[w2un — Uyy = au?, 2.10)

u(t,0) =u(t,n) =0,
in the Banach space
X = {u e H'(Q,R)NL®(Q,R) | u(t,0) = u(t, 1) = 0, u(—t,x) = ult, x)} ,
where Q := (R/27Z) x [0, x ], endowed with norm

lull == Nulloo + llull g1

(note that H'(Q) does not embed into L°°(Q) since Q is a bidimensional domain).
The space X is an algebra with respect to multiplication of functions, i.e., there
exists C > 0 such that

leeyuz ] < Cllug |l Nuzll, Vui,up € X.

We can look for solutions even in time because equation (2.7) is reversible.

We shall make assumptions on the frequency w in (2.16).

Remark 2.5. Any u € X can be developed in a Fourier series as

u(t,x) = Z uy,jcosltsin jx,
120,721

and its H'-norm and scalar product are

2

T .
el :=/u%+u§=7 S+, @.11)
Q 1>0,/>1
2
T .
(u, w) = (u, w) :=/ U + Uy Wy = — Z ul,jwz,j(lz +]2)
Q 120,)>1

Vu, w € X. We define

12
lull 2 == (/Qlu|2) and  (u, w),> :=/Quw,

respectively the L2-norm and L2-scalar product.
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2.3.1 The Variational Lyapunov—Schmidt Reduction

Instead of looking for solutions of (2.10) taking values in a shrinking neighborhood
of 0, it is convenient to perform the rescaling

u— ou, 6>0,
obtaining
[ Z)(2tu t(;)_zuz);?t,:ng)aipo: (2.12)
where

g =61,

Equation (2.12) is the Euler—Lagrange equation of the Lagrangian action functional
¥ e C1(X, R) defined by

1

W) = oo (u) = /02” dt/oﬁ [%zuf - sul+ sF(u)] d, 2.13)

where
u p+1

F(u) ::/0 f(s)ds:ap_l_l.

To find critical points of ¥, we perform a Lyapunov—Schmidt reduction, decompos-
ing

X=Voew,

where

V= {1) = Zaj cos(jt)sin jx ‘ aj € R, ija? < —|—oo}
Jj=1 Jj=1

- {u — 3t +x) — 5t — x) ‘ n() € H'(T), 7 odd} (2.14)
are the solutions in X of the linear equation (2.8), and
W .= {w eX‘ (w,0);2=0,Vov e V}

= { Z wy, ; cos(lt) sin jx eX‘ w;; =0Vj > 1}.
[20,/=1

W is also the H'-orthogonal of ¥ in X.
Remark 2.6. On V the norm || || is equivalent to the H'-norm || || 1, since
lolle < Clloll g, Yo el.
Moreover, recalling (2.14), the embedding
V- Mlg) = Vol lloo) (2.15)

is compact because H'(T) < L°°(T) is compact.
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Projecting (2.12), foru := v 4+ w withv € V, w € W, yields

@0 — Uy = elly f(0 + w) bifurcation equation,
@* Wy — wex = elly f(0 + w) range equation,

where [1y: X — V and I1y: X — W are the (continuous) projectors respectively

on V and .

The existence of a solution w := w(e, w,v) of the range equation cannot be
derived for any w = 1, ¢ & 0 (as in finite dimensions) by the standard implicit
function theorem at @ = 1, ¢ = 0. Indeed, even though (6, — oxx)~": W — W is
compact, it gains just one derivative (see Lemma 5.4) but the term (w? — 1)é;, loses
two derivatives.

2.3.2 The Range Equation

We first solve the range equation assuming that the frequency w satisfies the follow-
ing nonresonance condition:

r

weW, ::{weR‘|wl—j|2 ;

: V(l,j)eNxN,j;él} (2.16)
for some y > 0, introduced in [15].

For example, by Liouville’s theorem, Theorem D.6, a quadratic irrational w
(namely an irrational root of a second-degree polynomial with integer coefficients)
belongs to W, for some y =y (w) > 0.

Note that by Dirichlet’s theorem, Theorem D.1, the condition in (2.16) is the
strongest possible requirement of this kind: if ¢ < 1, there are no real numbers @
such that |wl — j| > (y /I7), VI # j. This follows also from (D.5).

Moreover, still by Dirichlet’s theorem (or (D.5)), the set WV, is empty if y > 1.

Remark 2.7. Actually, W, is empty if y > 1/ V/3, because, by Hurwitz’s theorem
(see Theorem 2F in [121]), if x is irrational, there exist infinitely many distinct ratio-
nal numbers p/q such that |x — p/q| < 1/+/5¢>.

Lemma 2.8. For 0 < y < 1/4 the set VV, is uncountable, has zero measure, and
accumulates to w = 1 both from the left and from the right.

Proof. We claim that if y e (0, 1/4], the set J, contains uncountably many irra-
tional numbers w such that its continued fraction expansion is

1
w=I[1l,a;,a,...]:=1+

ap +

a + ...

for every a; € N and
a €{1,2}, Vi>2 (2.17)
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(we refer to Appendix D for the basic notions about continued fractions). All these
numbers @ belong to the open neighborhood (1, 1 + a;” 1), and for a; — 400, they
accumulate to w = 1.

Let us prove the previous claim. Take any pairs of integers (/, j) € N x N,/ # J.
If

[ —j| > —,
e

then the condition in the definition of W, , |w/ — j| > y /I, is obviously satisfied
because y < 1/4. On the other hand, if

[—Jj| <=,
lwl — j| < %
then, by a theorem of Legendre (see Theorem D.8), j// coincides with one of the
convergents of w,

19 [l,al],[l,al,a2],...,[1,61],612,...,61"],...;

see Definition D.7.
The quotient j// is different from the first convergent of w, i.e., j /I # 1, because
[ # j by the definition of W, . Therefore

I —Mana,.. . a)=2  forsome n>1,

/ qn

and since ¢, and p, are relatively prime by (D.4), ¢, divides / and [ > ¢,. As a
consequence, in order to get |w/ — j| > y /I with y € (0, 1/4], it is enough to prove
that

lwgn — pnl = , Vn>1. (2.18)
4q,
Every convergent p, /q, of w satisfies, see (D.6),
1
w- Z S (2.19)
qn qn (an+1 + 2)

whence, since by (2.17), a,+1 € {1, 2}, Vn > 1, we have

‘w_&> ! RE

an | T q22+2)  4g2°

proving (2.18).
In conclusion, we have proved that

~|=

namely that w € W), .
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Remark 2.9. 1If in (2.17) we take @¢; € {1,2,..., N}, Vi > 2, we deduce by (2.19)
thatw € W, forall y € (0,1/(2+ N)].

Similarly, the uncountably many irrational numbers
®:=[0,1,a2,a3,a4,...]

for every a; € N and with a3, a4, ... € {1, 2} belong to the set

1

az

Wyﬁ(l— 1,1) with y € (0,1/4] .

For ap — +o00 these numbers accumulate to w = 1 from the left. |

2.1. Exercise: Ifw e )V,,w > 1,thenalso2 —w < 1 belongs to W, . This gives
an alternative proof that ¥, accumulates to o = 1 also from the left.

Lemma 2.10. Let w € W, N (1/2,3/2) for some y > 0. Then the operator
Ly := wzatt — Oxx
restricted to W has a bounded inverse defined by

_ wy, j .
Lwlw = Z W]ﬁ—ﬂ cos(/t)sin(jx), Ywe W, (2.20)
J=1,1=0,0#]

which satisfies

_ C
125wl < el 221
for a positive constant C independent of y and w.

Proof. The eigenvalues
[—or2 421020, 2114

of (L) satisfy, forw € W,,

=0’ P4/ = ol j|@I+)) = Ll+]) 2 yo = 2 VI#j =1, (222)

for o > 1/2 (for / = 0 the inequality (2.22) is trivial). Therefore, by (2.20) and
(2.11),

_ C
1Ly wllzp < Sl (2.23)

We claim also that

a

1L, oo < ol (2.24)
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The inequalities (2.23)—(2.24) imply (2.21).
The key observation to prove (2.24) is that the lower bound (2.22) can be signif-
icantly improved if ; is not the closest integer e(/) to w/, defined by

le(l) — wl| = min|j — wl|.
jeN

By (2.20),
- [wy, ;|
L ol < D =S4 ),
1>0,j>1,)# lwl — jl(wl + )
where | |
1= ol
150,217, jtey 190 = J1(@ + /)
and
[wr,eq)l

Sz = -
150t 10 — el +e(l))
ESTIMATE OF S;. For j # e(/) we have

—eDl

. . . 1
= 0ll = 1j = e = le) = ol = |j = e)] = 5 = =

Moreover, since |e(/) —wl| < 1/2,and w > 1/2, we have 4w/ > e(l) + 1, and hence
4 +al) 2 j+e)+1=1j—e)]+1.

Defining wy ; by w;, ; =0if j < 0orj =1, we get

8wy, ;1
81 < , — < 8Rillwlz2
=0, je%#(,) j = eI — eI +1) ‘
by the Cauchy—Schwarz inequality, where
1 1
R} = . : = -
120,];;&52(1) (] - e(l))z(U - e(l)l + 1)2 1>0,j€Z,j+0 ]2(|.1| + 1)2
< _ <
— .2 2
120.iZ.j20 /71 + D)

ESTIMATE OF ;. Using (2.22),

2 C
$H <= D Nwre) < —llwlm
Vel 7

by the Cauchy—Schwarz inequality. [ |
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Fixed points of the nonlinear operator G: W — W defined by
G(e, w; w) := 8L;1H[/Vf(l) + w)
are solutions of the range equation.

Lemma 2.11. (Solution of the range equation) Assume ® € W,. VR > 0, 3
eo(R) > 0, Co(R) > 0 such that Yo € Bag := {v € V | |vll;p < 2R},
V0 < ey~! < &y(R) there exists a unique solution w(e,v) € W of the range
equation satisfying
€
lw(e, )l < Co(R);- (2.25)

Moreover, the map v — w(g, v) is in C'(Bag, W).

Proof. By the Banach algebra property of X and (2.21),

/

C C
1G(e, w; w)|| < 8;”0 +wll? < 87((213)’7 +llwl?), Vv e Br.
Hence, for p := 2(C’/y)e(2R)? and Y0 < ey ~' < go(R) so small that p < 2R,
G(e, w; By) C B,, where B, := {w € W | |w]|| < p}. Similarly we can prove

1

”Dg(g) 3 U))” < E 9 Yo € BZR >

Y0 < g7 ~! < g(R) small enough. We conclude by the contraction mapping the-
orem. The regularity of w(e, v) with respect to v follows by the implicit function
theorem. |

2.3.3 The Bifurcation Equation
It remains to solve the infinite-dimensional bifurcation equation
@0y — vxx = elly f(0 4+ w(e, v)) . (2.20)

Equation (2.26) is the Euler—Lagrange equation of the reduced Lagrangian action
functional ®,: Byg — R defined by

@, (v) ==Y +wle,0)),
where W is the Lagrangian action functional introduced in (2.13).

Indeed, w solves the range equation if and only if it is a critical point of the
restricted functional w — W (v + w) € R, namely if and only if

D¥ (o + w) [h] = / 20+ whi — (r + )y + 6/ (0 + w)h
Q

:/ w*wihy — wehe +ef(0 +w)h =0, Yh e W (2.27)
Q
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because [, v/ = [ vxhy = 0. Therefore, Vi € V,

D®,(0) [h] = DY (v + w(e, v))[h + Duw(e, v) [h]]
= DY (v + w(e,v))[h]
= / oy —vyhy +elly f(0 + w(e, v))h (2.28)
Q
because Dw(e,v) [h] € W, (2.27), and [ wh; = [qwxhy, = 0,Vh € V; see
Figure 2.2.

Remark 2.12. By (2.28), since w(e,-) € C'(Byr, W), D®, € C'(Byg, V) and
therefore ®, € C%(Bar, R).

w
v+ w
we (v) ] ) ) V¥ (0 + w)
0] v V

Fig. 2.2. The variational reduction: by (2.27) the gradient VW (v + w(e, v)) is parallel to V.

To find critical points of @, we expand

w? ) 2
D, (v) = /Q 7(0, + (w(e,v)))” — E(Dx + (w(e,0)x)  +eF (v + w(e,v))

2 2
w2 Y%

0217

+eF(+w(e,v)) — %f(v + w(e, v))w(e,v),

/vth=/vxwx=0,
Q Q

and, inserting 2 = w(e,v) € W in (2.27),

because by orthogonality,

/ a)zu),2 - w?c +ef(v+w(e,v)w(E,0)=0.
Q

Hence, using that [v;[2, = lo: 12, = [0]12,,/2.



2.3 The Case p Odd 43

(DS(D) =

-1 1

T lobte [ [Forut.0)=3 /0 +u6 ). 229
Q

To find nontrivial critical points of (2.29) we have to impose a suitable relation be-

tween the frequency w and the amplitude & (w must tend to 1 as ¢ — 0). We set the

“frequency—amplitude” relation

= —gsign(a)

(recall f(u) := au”). By (2.29),

Dp+1
+1 & :Ia

1
®,(0) = —esign(@)| 51013, — la] o

where

Re() = —|a|/Q {p—li- 1 [(v + w(e, D))P"rl - 0p+1] _ %(p + w(e, v))we, v)}
satisfies, using (2.25),

IR:0)], (VR (0), 0)] < cmj (2.30)

for some constant C (R). Furthermore, by Remark 2.12, R, € C 2(Byr, R).
The functional (which we still denote by @)

®.(v) = %Ilvlli,l - () (2.31)

p+1

possesses a local minimum at the origin, and one could think to prove the existence
of nontrivial critical points via the mountain pass theorem of Ambrosetti and Rabi-
nowitz [7] (Theorem B.8 in the appendix), see Figure 2.3. Note that since p is odd,
the functional [, v”T! is strictly positive, Vo # 0.

However, we cannot apply Theorem B.§8 directly, since @, is defined only in a
neighborhood of the origin.

2.3.4 The Mountain Pass Argument

Step 1: Extension of ®,.
We define the extended action functional ®, € C2(V, R) as

~ o]l P+l
Bo0) = 1~ la |/ L R0,

where ﬁg: V — Ris
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D (v)

Br(H")

V
Fig. 2.3. The mountain pass geometry of @.

llo

Ro(v) = /1( Igz’l)m(u)

and 4:[0, +00) — [0, 1] is a smooth, nonincreasing cutoff function such that

1 f <1
A0x) = or x| <1,
0 for |x| > 4,

and |4/ (x)| < 1. By definition,
D (v) for loll;n < R,

D, (v) = 1 lIv]? P (2.32)
‘ LA / - for [[v]l g1 > 2R .
2 op+1

Furthermore, by (2.30) and the definition of 4,

IR:0)], (VR (v), 0)] < c1<R)§. (2.33)

Step 2: D, satisfies the geometrical hypotheses of Theorem B.S.
Let0 < p < R.Forall ||[v]| ;1 = p we have

o, (0) 2 0,0)

2 1
@an vl Pt
=g el | e A Re)

2.30) 1 :
2" 2Pt —mprt! - Lo, (2.34)

Fix p > 0 such that (p2/2) — k1 pP+! > p?/4. By (2.34), we get for



2.3 The Case p Odd 45

2
0<Zcor) < (2.35)
y 8
that .
u(v) = 5p? > 0 if ol =p. (2.36)
verifying the assumption (i7) of Theorem B.8.
Let us verify assumption (iii). Recalling (2.32), for every |[vg]lgz1 = 1, there
exists 7 large enough that
o (7 [ ot +1
D, (tvg) = — — P <0 2.37
(o0) = 5 = lal— [ 0o .7)

because p > 3 is an odd integer.

Remark 2.13. In contrast, if p is even, then [, Pt =0,V € ¥, see (2.47), and
another development is necessary; see Section 2.4.

We define the minimax class
r={yecaonniyo=0,0=a,
where v := 7 (so that @, (v) < 0by (2.37)), and the mountain pass level

= inf @, . 2.38
Cs Jgrsg}gﬁ] «(y (5)) (2.38)

Since any path y € I intersects the sphere {v € V' | |[v]| ;1 = p}, by (2.36) we get

~ 1
¢ > min ®y() > gp2 >0. (2.39)

~ lolli=p

By Theorem B.8 we deduce the existence of a Palais—Smale sequence for @, at the
level ¢, > 0, namely, there exists a sequence v, € V such that

D, (vy) = ¢z, VDO, (vn) = 0 (2.40)

(see Definition B.5).

Our aim is to prove that the Palais—Smale sequence v, converges, up to a subse-
quence, to some nontrivial critical point v, # 0 in some open ball of V' where @,
and @, coincide.

We need some bounds for the H'-norm of v, independent of ¢.

Step 3: Confinement of the Palais—Smale sequence.
We first get a bound for the mountain-pass level ¢, independent of ¢. By the definition
(2.38) and (2.33),

2
_ s
c; < max ®.(s0) < max [7”0”21 — lal

s€[0,1] s€[0,1]

1
p+1/ap+l]+1=:x (2.41)
Q
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for0 < C1(R)y ~'e < 1. Then

=~ (V&)c(vn)a V) 1 1 2 = (Vﬁ&‘(vn)a On)
Dy (0y) — —12 ) o (oo Re(vy) — ——m 2 17
olon) == (3 = 5 Ionllin + Reton) = =227
233) /1 1 5 4
2 (3 o) Il 2017
1 1 5
(3= 57 el =1 (242)
for .
0<2CI(R)= < 1. (2.43)
4

By (2.40), for n large,

(V(Bs(vzz)s Op)
p+1

and by (2.42), we derive

~ (.41)
D (vy) — S+ D)+ lonllgn < w4+ 1+ loallg,

1 1
£t L lonln 2 (5=~ )Ionllip = 1,

whence
”Dn”]-]l < R, (2.44)

for a suitable constant R, independent of &. The estimate (2.44) holds for 0 <
ey 7! < C.(R) for some C,(R) > 0 (recall (2.35) and (2.43)).

Step 4: Existence of a nontrivial critical point.

Let us fix B .
R:=R,.,+1 andtake O < 8)/_1 < Ci(R).

By (2.44), definitively for n large, v, € B, and so
D, (vy) = D (vy) - (2.45)

Hence _
Vo, (v,) = VO, (v,) = v, — VG(,) + VR, (v,) = 0, (2.46)

|a| / 1
G = — L
(v) b1 5!

Lemma 2.14. (Compactness) VG: V' — V and VR.: By — V are compact oper-
ators.

where we have set

Proof. Let ||vog|| g1 be bounded. Then, up to a subsequence, vy — v € V weakly in
H'andogy —» 2in || - [leo by the compact embedding (2.15). Moreover, since also
wy = w(g, vg) is bounded, we can assume that w; — w weakly in H Vand wy, —» @
in the || - ||z« norm for all ¢ < oo. Since
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(V6. = [ faloh,
Q
it follows easily that VG (v;) — VG(®) in V. We claim that VR, (v;) — R, where
R0 = [ 1al@+Dh~lalo?h = (VR.G). ).
Q
Indeed, since w; — w in || - |14, it converges (up to a subsequence) also almost
everywhere. We can deduce, by the Lebesgue dominated convergence theorem, that

(x + wp)? = (@ +W)? in L? since (vx + wp)? — (0 + )P almost everywhere
and (v + wy)? is bounded in L°°. Hence, since

(VR4 (1), h) = / lal(ox + w)"h — laloP
Q

VR: (i) = R. []

Since VG and VR, are compact and the Palais—Smale sequence v,, is bounded
in H', by Lemma B.7 in the appendix, v, is precompact and therefore converges to
a nontrivial critical point v, of ©,.

Remark 2.15. As ¢ — 0, v, converges to the mountain pass critical set of

1 2 |a| / p+1
=|loll5, — 0Pt
210 (p+1DJa

see [25], [27].

In conclusion, we have found a nontrivial solution
U= 5(05 + w(e, vg)) eX

of (2.10).
We have finally proved the following theorem.

Theorem 2.16. ([24]) (Existence, p odd) Let f(u) = au? (a # 0) for an odd
integer p > 3. There exists Co(f) > 0 such that Vo € W, satisfying |o — 1|y 1<
Cy(f)and w < 1ifa > 0 (resp. o > 1ifa < 0), equation (2.7) possesses at
least one nontrivial small-amplitude 27 /w-periodic solution uy, # 0. The solution
Uy, converges to zero like ||luy| < Clo — 1YP=D g5 — 1. See Figure 2.4.

Remark 2.17. (Regularity) By a bootstrap argument, the periodic solution u,, of
Theorem 2.16 is in C?; see [25]. Actually, we could also prove that u,, is analytic;
see the next chapters.
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a>0 a<0

Fig. 2.4. The bifurcation diagram of Theorem 2.16. In general, u,, does not vary smoothly
with the frequency w. Since equation (2.7) is autonomous, there is a whole circle of periodic
solutions uy, (- + 6, x), V0 € R.

2.4 The Case p Even

The case f(u) = au” with p an even integer is more difficult because
/ Pt =0, YoeV, (2.47)
Q

and so the development (2.31) no longer implies the mountain pass geometry of @,.
The identity (2.47) follows by a more general lemma:

Lemma 2.18. Let vy, ..., v+1 € V. Then
/ 010241 =0. (2.48)
Q

In particular, if v € V then v* e W.

Proof. Writev; = 5;(t +x) — 5;(t — x) € V in the D’ Alembertian form (2.9). By
the change of variables (¢, x) — (¢, 7 — x) and periodicity,

/1)1 V24l = / /2ﬁ1 ﬂ](f+x)—f1](t—x))dtdx
2%k+1
//H ’7/(t+7f—x)—77](t—7r+x))dtdx
%41
//H ”J(f—x)—ﬂ](t+x))dtdx

2U+1
= (=1)** /vl-~-vzk+1=—/01-~-vzk+1,
Q Q
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which implies (2.48). [ ]

To find critical points of ®, we have to develop at higher orders in ¢ the non-
quadratic term in (2.29). Using (2.47) we obtain

/ F@+ w(e,v)) — lf(v +w(e,v)w(e,v) = g/ vPw(e,v) + Ry, (2.49)
Q 2 2 Ja
where, setting w, := w(e, v),

Ry : [(v + u)g)"’+1 — Pt — (p+ l)vag]

T pt+1Ja
a
-5 [ Lo+ vy =o]w,
(2.25) _
= O(lw: ) "=" 0(s*y 7).

Substitute into (2.49) the expression

w(e,v) = eachlHva + 861L;11_Iw[(1) +w(e,v))? — vp]

= gaLa_)luP +Ry,

where
2.25)

_ 2.21 _ _
Ry = gaLwIHW[(v + w(e,v))? — vp] @2D O(ey “Mwe) @z 0y 7).

We get

/ 1 a? -
FO+0(0) = 570+ 0ol =5 [ 0715107+ Ra.
Q 2 2 Ja

where
R = ;/QDPRZ + R =02y 72, (2.50)
and, by (2.29),
2 2
w”—1 a
. 0) = T oI, +827/ 0PL5P + R
Q

o1 2 a’ pr—1,p -1
- [EnunHl—7 [ oPLgt? R3:|,

having set the frequency—amplitude relation

—— (2.51)

Still denoting, for notational convenience, —e20, by the same symbol @, we are
reduced to finding critical points of
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1 a? _ _
®;(0) = 0l —T/vaLw‘v”—e 'R3

1 a?
= Il = 5 /Q 0?00 £ R, 2.52)

where J~!: W — W is the inverse of the D’ Alembert operator [ := L1 := 0y —Oyy,
and the remainder

2
Re = —e 'Rs — “7/ P (L = O H? (2.53)
Q
satisfies

Re(@), (VR:(0),0) = O(ey 7). (2.54)

Indeed, by (2.50) the term £~ 'R satisfies (2.54). The second term in (2.53) satisfies
an even better estimate. Develop in Fourier series

o =1 = Z”’f cos(/t) sin(jx)
1]

(recall that 0” € W by Lemma 2.18). Hence
) r

O ? = 2_1?7_:_2 cos(/t)sin(jx), L;lv” = Z
J# J i

m COS(lt) sin(jx)

and

(w? — l)rlz’jl2

‘/QDP(L;1 _ D—l)up‘ = c‘ ; @2 =)@ = jz)‘
2

€ 2 2 & T
SC_Zrl,jl < C—=lrilz, < C—lo”|
= / !

using (2.51), [w?1> — j2| > y /2, |I* = j?| > 1. The estimate for (VR (v), v) can be
proved similarly.

Now, to show that @, in (2.52) has the mountain pass geometry it remains only
to check that [, v? O-'v” > 0 for some v € V. This is proved with the method of
characteristics.

Lemma 2.19. [, 0?07 '0? > 0, Vo # 0.
Proof. Write v = n(t +x) —n(t —x) € V and

v =m(t+x,t —x) with m(sy,s2) = (77(31) — n(sz))p.

Let z := (07! (v”) be the solution of
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Zy — Zyx =07,
z(t,0) =z(t,r) =0,
z(t + 27, x) = z(t, x).

Making the change of variables (s1, s2) = (¢t 4+ x, ¢t — x), such an equation with the
boundary conditions becomes, for z(¢, x) = M (¢t + x,t — x),

65251M(S1,S2) = (1/4)m(S19S2) >
M(Sl,S]):M(Sl,Sl—zﬂ')ZO,
M(sy 4+ 2m, 50 +21) = M(s1,52) Vsy <s1 <s2+27.

We claim that a solution of this problem is
1
M) = [ ma)dda, (255)
Qsl,xz

where
Oy, sy = {(51,52) ERY |51 <& <si+2m, < < sl} .

Indeed, differentiating with respect to s yields

so+27 S1

1
m(&y, 1) d&p — §/ m(sy, &) dé.

52

1
6S1M(S19S2) = g/
S

Differentiating with respect to s2, since m (s, s2) = (n(s1) — n(s2))? with p even
and 7 is 2z -periodic, gives us

1 1 1
05,05 M = gm(sz +2m,51) + gm(Shsz) = Zm(smz)-
From (2.55), M > 0, and, by Lemma 2.20 below,
1
/ oPO WP dr dx = —/ m(sy, s2)M(sy, s2)dsyds, > 0.
Q 2y
If fQuPD_luP = 0 then m(sy,s2) = 0 or M(s1,s2) = 0. If M(s1,52) = 0

then m(&y, &) = 0 for all (&1,&) € Oy,.sy, and so m(sy,s2) = 0. In both cases
m(sy,s2) =0,andsov = 0. [ |

Lemma 2.20. Let m: T2 — R. Then
1
/m(t+x,t—x)dtdx=—/ m(sy, s2) dsq dss. (2.56)
Q 2 Jr2

Proof. Make the change of variables (s1, s2) = (¢ +x, ¢ — x) and use the periodicity
of m. ]
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With the same mountain-pass-type argument developed in Section 2.3 we can
prove the following existence theorem:

Theorem 2.21. [24] (Existence, p even) Let f(u) = au? (a # 0) for an even inte-
ger p. There exists C3(f) > 0 such that¥Nw € W,, o < 1, with |o—1|y 4 < G3(f),
equation (2.7) possesses at least one nontrivial, small-amplitude 27 /w-periodic so-
lution uy # 0. The solution u,, converges to zero like ||uy| < Clw — 1|1/2(”_1)f0r
w — 1. See Figure 2.5.

Fig. 2.5. The Cantor families of solutions for p even. There exist small-amplitude nontrivial
periodic solutions just for < 1. Also in this case, in general, u,, does not depend smoothly
on w.

Remark 2.22. This greater difficulty for finding periodic solutions when the nonlin-
earity f is nonmonotone is a common feature for nonlinear wave equations; see, €.g.,
[114], [42], [43], [47]. In physical terms there is no “confinement effect” due to the
potential. Actually, in [29]-[30] a nonexistence result is proved for even-power non-
linearities in the case of spatial periodic boundary conditions. This highlights that
the term fQ vP0~ 1P, which is responsible for the existence result of Theorem 2.21,
is a “boundary effect” due to the Dirichlet conditions.

Remark 2.23. In [29]-[30], the existence of quasiperiodic solutions with two fre-
quencies for completely resonant nonlinear wave equations with spatial periodic
boundary condition has been obtained. After a similar variational Lyapunov—Schmidt
reduction the reduced-action functional turns out to have the infinite-dimensional
linking geometry [19].
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2.5 Multiplicity

As in the Weinstein—Moser and Fadell-Rabinowitz resonant center theorems, one
could expect multiplicity of periodic solutions. This could be proved by exploiting
the S' symmetry of the action functional induced by time translations. However, in
this case we can provide a much more detailed picture of these solutions.

Critical points of the reduced-action functional @, restricted to each subspace
V, C V formed by the functions

v=nn+x)—nn(it—x)eV, neN,

which are 27 /n-periodic, are critical points of @, on the whole of V.
As in the previous section we can prove that for each n > 1, the reduced-action
functional @, possesses a mountain pass critical point v,,.

It turns out that the larger n is, the smaller |w — 1| has to be (i.e., ¢). In this way,
for w € W, sufficiently close to 1, we can prove the existence of a /arge number N,,
of 27 /w-periodic solutions

ULy ooy Up,. .., UN,

of (2.7), where N, — +00 as w — 1. Making refined estimates we can obtain

VT
o — 1]

(@]

for some 7 € [1, 2]; see [25].

Remark 2.24. An estimate like N, &~ 1/4/[w — 1] is, in general, the optimal one.
Indeed, the eigenvalues of (L) are —?? + j% = (—a? + 1)j? since I> = 2.
Hence, to find solutions of (2.7), if N?|w? — 1| = O(1), we can perform a finite-
dimensional Lyapunov—Schmidt reduction to the N-dimensional subspace Vy =
{fvo = Z}V:l ajcos(jt)sin(jx)} C V. We expect N mountain pass critical points of
the corresponding reduced-action functional on Vy.

The periodic solutions u,, have increasing energies (in #) and rotate with greater
and greater frequency: actually in [25] it is proved that the minimal period of the nth
solution u,, is 2z /nw. This, in particular, proves that the solutions u, are geometri-
cally distinct.

Theorem 2.25. (|25]) (Multiplicity, p odd) Let f(u) = au? (a # 0) for an odd
integer p > 3. Then there exists a positive constant C4 := C4(f) such thatVw € W,
and ¥n € N\{0} satisfying
| — 1|n?
4

and w < lifa > 0 (resp. o > 1 ifa < 0), equation (2.7) possesses at least one
periodic classical C? solution with minimal period 21 | (n®).

<Cy 2.57)
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As a consequence, there exist ui, ..., Up, ..., UN,, with?
Cy
N, = [ ’ ] —1
lo — 1]

geometrically distinct periodic solutions of (2.7) with the same period 2r | w.

Theorem 2.26. ([25]) (Multiplicity, p even) Let f(u) = au” (a # 0) for an even
integer p. Then there exists a positive constant Cs depending only on [ such that
VYo € W, withw < 1, Vn > 2 such that

(o —1]n*)'72

y

<GCs, (2.58)

equation (2.7) possesses at least one periodic classical C* solution with minimal
period 27t /| (nw).
As a consequence, there exist ua, ..., Up, ..., un,, With

& Cs)z] .

N, :=[
¢ lo — 1]

geometrically distinct periodic solutions of (2.7) with the same period 2z /. If p =
2, the existence result holds true for n = 1 as well.

2.6 The Small-Divisor Problem

We now want to discuss the “small divisors” problem (i) to prove existence of peri-
odic solutions for a set of positive (actually asymptotically full) measure of frequen-
cies .

For this we have to relax the nonresonance condition in (2.16) requiring

weW, . :={weR||wl—j|21y—T, v(l,j)eNxN,j;él] (2.59)

for some z > 1,y > 0 (note that z = 1 in (2.16)).

By standard measure estimates the set V), . has positive measure; it actually has
asymptotically full density as w — 1. The proof is instructive.

Proposition 2.27. Let 7 > 1,y € (0, 1/3). Then

N(1,1
lim |Wy,r (1, + )| -1

2.60
1—0 Il (2.60)

3 [x] € Z denotes the integer part of x € R.
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Proof. To fix the ideas suppose # > 0. First note that Vo € (1, 1 + #), if/ # j and
1 <[ <(2/37), then

1
lwl = jl=10=j)+ (=Dl =1yl = 3

and the condition in (2.59) is trivially satisfied (y < 1/3).
We have to estimate the measure of the complementary set

Wi nl+n= J Ri. (2.61)
(j,hesS
where ) )
Ry = (%—lil,§+%)m(1,1+n)
and

2
S = {(j,l)eNxN, TN —}.
3n
Note that if (7, /) € S does not satisfy
(I =4l <j<A4+491,

then for 7 small enough,
Rjj=90.

So we can restrict in (2.61) to the subset of indexes
~ 2
Si={U.DeNxN, j£1,1> = (=l << (1+4n},
n

obtaining the estimate

Wy N, T+ n)l < E [R;i1|
I
(j.))e 2
< —_—
— T+1
1>2/3n, (1=4n)l <j <(1+4n)!

2y 1
< 2 Blgg=lem D
1>2/3n 1231

=0@n")
because v > 1. Hence

i W, . na, 1+l 0
n—0 I

>

and the estimate (2.60) follows. [ |
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For w satisfying only (2.59), the moduli of the eigenvalues of (L,,);w can be
bounded from below just as

= = ol = i@l + ) = =@l + ) = 25

| (2.62)
(actually, for infinitely many (/,,, j,) the estimate (2.62) is accurate).
As a consequence, the operator

- wy o
(La))“/[}'ll) = Z mcoslt sinjx, YwelW,
j=1,01>0,1#)

does not send (W, || - ||) into itself.

Actually, by (2.62), the operator (Lw)l_n} “loses (r — 1) derivatives™ and the usual
Picard iteration method employed in the standard implicit function theorem cannot
lead to an approximation of the solution, since after finitely many steps all derivatives
are exhausted.

One might think to work in spaces of C°° or analytic functions. For example, in
the sequel we shall deal with the space of functions

Xos = {ult,) = > exp (1) w(x) | g € HY (0, 7), R) () = s (x)
leZ

and [lu]l? o == D" exp Qo lINE* + Dlurll}, < +oo} , (2.63)
leZ

which are analytic in time (¢ > 0) and valued in Hol((O, 7), R). More precisely,
foroc > 0,5 > 0, X, ¢ is the space of all even, 27 -periodic in time functions with
values in HO1 ((0, ), R) that have a bounded analytic extension in the complex strip
|Im ¢| < o with trace function on |Im ¢| = ¢ belonging to H*(T, HO1 (0, ), C)).

By (2.62), forw € W N X, , L;lw € X, 5 justforo’ < o and

w2 2
1L w2z, = ¢ %‘“ exp 20/ |1 (> + 1)%
J
2.62) NS
< e D exp QoD@ + DA =
11#j
u)l2 J?
= ¢ Y exp(=2(c — oINPT Vexp Qo> + 1)y’—f2
[11#7

172112
VZ(G _ 0./)2(1—1)

because

2(c-1) - C(@)

_m, Vy > 0.

exp(=2(c —a')y)y
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The resulting “Cauchy-type” estimate for the inverse of (L) w is

-1
1Ly, wllgrs <

[wllg.s o <o. (2.64)

7@ =D

In this case, however, the estimates for the approximate solutions obtained by the
Picard iteration scheme will diverge; see Remark 3.2.

In the next chapter we present another iteration scheme, originally proposed by
Nash and Moser, to overcome such difficulties due to the small divisors.
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A Tutorial in Nash—Moser Theory

3.1 Introduction

The classical implicit function theorem is concerned with the solvability of the equa-
tion
Flx,y)=0, (3.1)

where F: X x Y — Z is a smooth map, X, Y, Z are Banach spaces, and there exists
(x0, ¥0) € X x Y such that
F(x0,y0) =0.

If x is close to xg we want to solve (3.1) by finding y = y(x).
The main assumption of the classical implicit function theorem is that the partial
derivative (D,.F)(xo, yo): ¥ — Z possesses a bounded inverse

(DyF) ™ (x0, 30) € L(Z, V).

Note that if (D,F)(xo, yo) € L(Y, Z) is injective and surjective, by the open map-
ping theorem, the inverse operator (DyJ-')_1 (x0,y0): Z — Y is automatically con-
tinuous.

As we saw in the previous chapter, there are situations in which
(D, F)(x0, yo) has an unbounded inverse

(for example, the image (D), F)(xo, yo) [Y] is only dense in Z).

An approach to this class of problems was proposed by Nash in the pioneer-
ing paper [103] for proving that any Riemannian manifold can be isometrically em-
bedded in RV for N sufficiently large. Subsequently, Moser [93] highlighted the
main features of the technique in an abstract setting, being able to cover problems
arising from celestial mechanics and partial differential equations [94]-[96]. Further
extensions and applications were made by Gromov [67], by Zehnder [135] to small-
divisor problems, by Héormander [73] to problems in gravitation, by Sergeraert [124]
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to catastrophe theory, by Schaeffer [120] to free boundary problems in electromag-
netics, by Beale [18] in water waves, by Hamilton [69] to foliations, by Klainermann
[78]-[79] to Cauchy problems, to mention just a few, showing the power and versa-
tility of the technique.

The main idea is to replace the usual Picard iteration method with a modified
Newton iteration scheme. Roughly speaking, the advantage is that since this latter
scheme is quadratic (see Remarks 3.2 and 3.7), the iterates converge to the expected
solution at a superexponential rate. This accelerated speed of convergence is suf-
ficiently strong to compensate the divergences in the scheme due to the “loss of
derivatives.”

There are many ways to present the Nash—Moser theorems, according to the ap-
plications one has in mind. We shall prove first a very simple “analytic” implicit
function theorem (inspired by Theorem 6.1 by Zehnder in [103]; see also [53]) to
highlight the main features of the method in an abstract “analytic” setting (i.e., with
estimates that can be typically obtained in Banach scales of analytic functions). In
our next application to the nonlinear wave equation, we will be able to prove, with
a variant of this scheme, the existence of analytic (in time) solutions of (NLW) for
positive-measure sets of frequencies.

Next, for completeness, we present also a Nash—-Moser theorem in a differen-
tiable setting (i.e., modeled for applications on spaces of functions with finite differ-
entiability such as, for example, Banach scales of Sobolev spaces). To avoid techni-
calities we present it in the form of an inversion-type theorem as in Moser [93].

3.2 An Analytic Nash—Moser Theorem

Consider three one-parameter families of Banach spaces,
Xo, Yo, Zs, 0<o<l,
with norms | - |, such that (Banach scales)
V0<o <o’ <1, IXlg < Ixlor, VX € Xor
(analogously for Y, Z,), so that
V0<o <o’ <1, X1 C Xy C Xy CXo
(the same for Y, Z,).
EXAMPLE: The Banach spaces of analytic functions

Xo = [ FTT SR, f0) =D e 1111, = > 1file™™ < 400l
k k

Let
F:Xox Yy — Zy
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be a mapping defined on the largest spaces of the scales.
Suppose there exists (xg, yo) € X1 x Y1 (in the smallest spaces) such that

F(x0,v0)=0. (3.2)

Assume that
F(Bs;) C Z, VO0<o <1, (3.3)

where B, is the neighborhood of (x¢, vo)
B := B{(x0) X B{(»0) C Xy X Y,

and
B (xo) = {x € X, | |x — xoly < R}

analogously for B} (yo) C Y.

We shall make the following hypotheses, in which K and 7 are fixed positive con-
stants.

(H1) (Taylor Estimate) VO < ¢ < 1, Vx € B%(xo) the map F(x,-): B (yo) —
Z5 is differentiable and V(x, y), (x,)’) € BU,
Fle,y) = Fe.) = DR [ =] | < Ky =yl
Condition (H1) is clearly satisfied if F(x, ) € CQ(B;’e (), Zy) and ny]:(x, -) is
uniformly bounded for x € B (xo).

(H2) (Right Inverse of loss 7) VO < ¢ < 1,V(x, y) € B, there is a linear operator
L(x,y) € L(Z,,Yy), Vo' < o, such thatVz € Z,,

(DyF)(x,y)oL(x,y)z =z

in Z, and

LeE| < ==l (3:4)

K
T (o—-a)
The operator L (x, y) is the right inverse of (D, F)(x, y) in the sense that
(DyF)(x,y) o L(x,y) is the continuous injection Z, N Zy

Vo' < o. Estimate (3.4) is a typical “Cauchy-type” estimate (like (2.64)) for opera-
tors acting somewhat like differential operators of order 7 in scales of Banach spaces
of analytic functions.

Theorem 3.1. Let F satisfy (3.2),(3.3), (HI)~(H2). If x € B%(xq) for some o €
(0, 1] and | F(x, yo)l, is sufficiently small,' then there exists a solution
y(x) e B;Te/z()/O) C Yo

of the equation
Fx,yx))=0.

1 Quantified in (3.7); this latter condition defines a neighborhood of x( in X, .
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Proof. We define the Newton iteration scheme

3.5)

y}’l+l :y}’l _L(xayn)F(x)yn))
w=yerncv,,

for n > 0. Throughout the induction proof we will verify at each step (see the CLAIM
below) that y, belongs to the domain of F(x, -), L(x, -) and therefore y,y is well
defined.

Since the inverse operator L (x, y,) “loses analyticity” (hypothesis (H2)), the it-
erates y, will belong to larger and larger spaces Y, .
To quantify this phenomenon, let us define the sequence

oo:=0 € (0,1], op41:=0, — 6y,

where the “loss of analyticity” at each step of the iteration is

o241

n .

and dp > 0 is small enough so that the “total loss of analyticity” ano Oy 1s less than

0/2, namely 5
0 o
Op = = 3.6
2.00=2 T <3 (3.6)

n>0 n>0

(therefore o, > /2, Vn > 0).

We claim the following:
CLAIM: Take y := 3/2 and define®

p:=pK,R,7,0)

. \/E . 5:1+1 n R/2
= min { 3, min (S5 exp(@ — 01). st | > 0
If
o5 o5 R
F e y0)ls < min{pe™!, Lpe!, 221 (3.7

then the following statements hold for all n > 0:

(n; 1) (x, yn) € Bg, and | F(x, yu)ls, < pexp(—x"),
(75 2) 1yn+1 = Yalo,y < pexp(—=x™),
(7 3) [yn+1 = Yolo,y < R/2.

2 We have p > 0 because the sequence of positive numbers oy 11 exp(2 — px™ =
% (exp(%(3/2)”))/((l +(n+ DY) goes to 400 as n — +00.
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Before proving the claim, let us conclude the proof of Theorem 3.1.
By statement (n; 2) the sequence y, € Y5, is a Cauchy sequence (in the largest
space Y 7). Indeed, for any n > m,

|
—_

n n—1

Vn = Ymloyz < [Vi+1 — Viloy2 < z Vi1 = Viloy

k=m

‘TT
L3

(k2 P
pexp(—x*) — 0 for n,m - +o00.

||M

Hence y, converges in Y5 /3 to some y(x) € Y, /2. Actually, y(x) € B /z(yo) C Ba/ 2

by (#; 3). Finally, by the continuity of F with respect to the second variable and
(n; 1),
F(x,yx)) = lim F(x,y,) =0,
n—oQ

implying that y(x) is a solution of F(x, y) = 0.

Let us now prove the claim. Its proof proceeds by induction. First, let us verify it for
n = 0. It reduces to the smallness condition (3.7) for | F(x, yo)ls.

(0; 1) By assumption x € B%(xo), so that (x, y9) € Bs, := B,. By (3.3) we have
that F(x, yo) € Z,, and | F(x, yo)ls < pe‘1 follows by (3.7).
(0; 2)—(0; 3) Since (x, yo) € Bs, by (3.5) and (H2),

[yt = yole, = 1L (x, y0) F(x, yo)lo, < [F(x, yo)lo -

K
~ (o0 —01)*
Under the smallness condition (3.7) we have verified both (0; 2) and (0; 3).

Now suppose (n; 1)—(n; 3) are true. By (n; 3),

Vutl € B (),

and so
(xy yn+1) € BO'"_H .

Hence F(x, yu+1) € Zs,,, (by (3.3)) and, by (H2),
Yn42 ‘= Yo+l — L(x, yn+1)}'(x, yn+1) € YU’,H_Z

is well defined.
Set for brevity

Q(y’y/) = f(xay/)—]:(an/)—(Dyﬂ(X,y) [J’/—y] . (38)

By a Taylor expansion,
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| F(x, yn+1)|a,,+1 = |Flx, yn) + (Dy}—)(xs Yn) [.Vn+1 _yn] + Q(ymyn+l) ”
n+1
3.5 (HD)
(:) 1O (ns yn—i-l)la',,_H < Klyp+1 — yn|(2;n+] (3.9)
m2) 5 n
< Kp~exp(—2y"). (3.10)
By (3.10) the claim (n + 1; 1) is verified whenever
Kp*exp(—2x") < pexp(—x"*"),
which holds true for any n > 0 if
1 Ve
in (— exp((2 — 1) 2" ) =¥ 3.11
p<§1nzlg(KeXp(( 0x) =% (3.11)
Now
(3.5)
|yn+2 — Vn+1 |0n+2 = |L(x7 J’n+1)‘7:(xa J’n+l)|an+2
(H2) K
< —————1F &, yur)lo,
(On+1 = on42)" Y )lo o
39 K? )
< - — 3.12
(Ont1 — 0ny2)” st = Il ¢.12)
(n;2) K?
< p*exp(—2x")

(O'n+1 - O'n+2)T
and therefore the claim (n 4 1; 2) is verified whenever
KZ
(On41 — ony2)"
which holds for any n > 0, if

pPexp(—2x") < pexp(—x"th),

T

P
. n+1 n
p < rnnzlg( 2 P2 =) )) : (3.13)

Finally,

n+l n+l
Wnt2 = Yoloys < D kbt = Veloys < D 1kt = Velog
k=0 k=0

(k:2) n+1 L 00 .
< D pexp(—x*) < p > exp(=x"),
k=0 k=0

which implies (n + 1; 3) assuming
R/2
= 2 heoexp(—xk)
In conclusion, if p > 0 is small enough (depending on K, 7, R, o), according to

(3.11)—(3.14) the claim is proved.
This completes the proof. u

(3.14)
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Remark 3.2. The key point of the Nash—Moser scheme is the estimate

2

K
Vnt2 = Ytilo,n < 5,—+1|yn+1 — s (3.15)
n

see (3.12). Even though J,, — 0, this quadratic estimate ensures that the sequence
of numbers |y,11 — Vuls,,, tends to zero at a superexponential rate (see (n; 2)) if
[¥1 = »ols, 1s sufficiently small. Note that the Picard iteration scheme would yield
Just [yny2 = Yutilo,, < Cén_i] |¥u+1 — Ynlo,,1» 1.€., the divergence of the estimates.

Clearly, the drawback to get (3.15) is to invert the linearized operators in a whole
neighborhood of (xg, y9); see (H2). This is the most difficult step to apply the Nash—

Moser method in concrete situations; see, €.g., Section 4.5.

Remark 3.3. The hypotheses in Theorem 3.1 can be considerably weakened; see
[103]. For example, in (H1) one could assume a loss of analyticity® also in the
quadratic part of the Taylor expansion

K
JEpe

f(x,y/)—f(x,y)—(Dyf)(X,y)[y/—y] (c —a')*

Vo' < o and some a > 0 (independent of o).
Furthermore, one could assume in (H2) just* the existence of an “approximate
right inverse,” namely Vz € Z,,

K
< —,T|f(xay)|ﬂ'|zla- (3.16)
o~ (6 —0')

(DAY )0 L) = D 1)

Note that L (x, y) is an exact inverse at the solutions F(x, y) = 0.
Furthermore, in the statement of Theorem 3.1 it is possible to get better and
quantitative estimates.

Since we have not assumed the existence of the left inverse of (D, F)(x, y) in
the assumptions of Theorem 3.1, uniqueness of the solution y(x) cannot be expected
(it could fail also in the linear problem).

Local uniqueness follows assuming the existence of a left inverse:

(H2) V0 < o < 1,V(x,y) € B, there is a linear operator £(x, y) € L(Z,, Y,/),
Vo' < o suchthatVh € Y,

C0x,¥) o (DyF)(x, y)[h] =h
inY,,and Vz € Z,,

e 2]

<% (3.17)
— |zl - .
o~ (6 -0t 7
3 In the application considered in the next chapter the quadratic part Q satisfies (H1); i.e., it
does not lose regularity.
4 In the application to the equation (NLW) we can find an inverse operator satisfying (H2).
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The operator (x, y) is the left inverse of (D), F)(x, y) in the sense that £(x, y) o

(DyF)(x, y) is the continuous injection Y, 5 Y, Vo' <o.

Theorem 3.4. (Uniqueness) Let F satisfy (3.3), (H1)—(H2Y. Let (x, ), (x,)') €
By be solutions of F(x,y) =0, F(x,y") =0.If |y — /|5 is small enough (depend-
ingon K, v, 0) theny =y in Y5 2.

Proof. Setting h :=y — )’ € ¥,, we have

e "2 1EGr ) 0 (DL ) [h] 1

(3.17) K
< ((T_—U,)TKDy]:)(X,J’)[h“a
K
< ool (3.18)
c—a')

since F(x, y) = 0, F(x, y") = 0, and recalling the definition of Q(y, y’) in (3.8).
By (3.18) and (H1) we get
(HD) K2 / 2 K2 2 l
|hlgr < mb’ -y = mlhla , Vo <o,
whence for ¢’ := 0,11, 0 := 0y, Oy = 0, — Oy,

il < K20, 1RI2 . Yn >0,

Op 2

These last estimates imply that if |2|, = |y — }'|s (6 = o) is sufficiently small
(depending on X, 7, o), then |A|;, < pe_)fn, Vn > 0, and therefore |52 = 0,
namely 7 =y —y = 0in Y5 2. ]

3.3 A Differentiable Nash—Moser Theorem

The iterative scheme (3.5) cannot work to prove a Nash—-Moser implicit function
theorem in spaces, say, of class C¥, because due to the loss of derivatives of the
inverse linearized operators, after a fixed number of iterations, all derivatives will be
exhausted. The scheme has to be modified by applying a sequence of “smoothing”
operators that regularize y,+1 — y, at each step.

To avoid technicalities, we present the ideas of the Nash—Moser differentiable
theory in the form of an inversion-type theorem (as in Moser [93]) rather than an
implicit-function-type theorem.

To make it precise, consider a Banach scale (¥y)s>¢ satisfying
YyCYyCYy, Vs'>s5>0

(with norms |y|s < |y|y, Vy € Yy ), equipped with a family of “smoothing” linear
operators
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S(t): Yy — Y, :=ﬂYS, t>0,
5>0
such that
SO uls4r < Cs ot |uls VueYs, (3.19)
(I = S()uls < Cspt ™" uls4r, Vu € Ysip, (3.20)

for some positive constants Cj .. The meaning of (3.20) is that functions « that are
already smooth (v € Y4, ), are approximated by S(¢)u, in the weaker norm | |y, with
a higher degree of accuracy.

For the construction of these smoothing operators for concrete Banach scales,
see for example Schwartz [122] or Zehnder in [103] (via convolutions with suitable
“mollifiers”).

Remark 3.5. Estimates (3.19)—(3.20) are the usual ones in the Sobolev scale
Vo= {10y =D fie® LR = D 1P+ K) < +oc)
k k

for the projector Sy on the first N Fourier modes
SN(szeik‘x) — Z frelkx
k [k|<N
(when ¢ := N is an integer).

3.1. Exercise: On a Banach scale (X;);>0 equipped with smoothing operators
(S(1))0, the following convexity inequality holds: forall 0 < 41 < 13, a € [0, 1],
andu € X,,

1—
luli < Koy luly [ “ ulf,, A=0—-a)di+oalz, (321
for some positive constant K, ;,.

We make the following assumptions, where a, K, 7 are fixed positive constants.

(H1) (Tame estimate) F: Y;,, — Y;, Vs > 0, satisfies

IFOWls < KA+ |yls+a)s Yy € Yoqa .

Differential operators F of order a satisfy this “tame” property, i.e., | F(¥)ls
grows at most linearly with the higher norm | - |s4; see [103], [69]. This apparently
surprising fact follows by the interpolation inequalities (3.21) (as the Gagliardo [64]—
Nirenberg [104]-Moser [95] interpolation estimates in Sobolev spaces; see [127] for
a modern account).

(H2) (Taylor estimate) F: Y., — Ys, Vs > 0, is differentiable and

|(D‘7:)(y) [h] ls < thls-i-a >
70 = F0) = PO Y =] < KD =yl
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(H3) (Right Inverse of loss 7) Vy € Y there is a linear operator L(y) €
L Y547, Y5), Vs >0, 1e.,

L) [A]ls < Klhlsqe,  Vh € Yiqr,

such that
DF(y)oLWy)[h]l=h, Vh e Ysir,

in Y5, (the operator DF(y) o L(y) is the inclusion i: Yy — Y5_4).

Hypotheses (H1)—(H3) state, roughly, that 7, DF, respectively L, act somewhat
as differential operators of order a, respectively 7.

Theorem 3.6. Let F satisfy (H1)—(H3) and fix any so > a + ©. If |F(0)|sy47 is
sufficiently small (depending on a, t, K, so) then there exists a solution 'y € Y, of
the equation F(y) = 0.

Proof. Consider the iterative scheme

[yn_H == yn - S(Nn)L(J/n)}-(J/n) H (322)

vo:=0,

where
N, = exp(i)(n)s Nn+1 =Nr)1(9 X = 3/2,
for some /4 large enough, depending on a, 7, K, sq, to be chosen later.
By (3.22), the increment y, 41 — y, is in Yoo, Vn > 0, and therefore, y, € Y,
Vn > 0 (because yp := 0 € Y). Furthermore,

O SN L) F Ol 2 CoNH L) F ) sy

S CoNy T KIF(n)lso—a » (3.23)

|yn+l - yn ISO
(H3

where Cg := Cyy—g—r,a+¢ 1 the constant from (3.19).
By a Taylor expansion, forn > 1, setting for brevity Q(y; y') := F(/)—F () —
DF(y) [y = »],
|f(yn)|so—a < |Fu-1) + DF(yu-1) [yn _.Vn—l] [sp—a + |Q(Vn—l,yn)|so—a

C2) | DF @) = S(Np—1))L Gn—) F =1 lsy—a
+ |Q(yn—1>yn)|s0—a

(H2)
< K| - S(Nn—l))L(yn—l)J:()’n—l)lso + K|y _Yn—l|§0
(3.20) ,3 2
< KCypN, 2y Buot + Klyn = yu-ily, » (3.24)

where B,—1 := |L (yn—1)F (Vn—1)lso+p-
By (3.23) and (3.24) we deduce
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W1 = Vulsy < CINEFTNP Byoy 4+ CINEF |y = yaci ) (3.25)

for some positive Cy := C(a, 7, 59, K).

To prove, by (3.25), the superexponential smallness of |y,4+1 — yuls,, the main
issue is to give an a priori estimate for the divergence of the B, independent of £.
For n > 0 we have

(H3)
B, = |L(yn)'7:(yn)|so+ﬁ < K|f(Yn)|so+ﬁ+r 5 (3.26)

and for n > 1, writing y, = >/ (Vk — Yk—1)»

Hh 5 2
By = KX(1+Ilgrprrra) < K2(14

n
vk — Yi—1 |S0+/)’+1'+(1)
k=1

n
3.22
2 K214 D IS L0k F Gkl 0
k=1

(3.19) -
< Kz(l + z CzN,fflaIL(yk—l)Jf(yk—l)lsow)
k=1

n—1
< 03(1 +ZN,§+“Bk), (3.27)
k=0
where C; := Cy4.8,-+4 is the constant from (3.19) and C3 := K?max{1, Cy}.
We claim the following:

CLAIM: Take B := 15(a + t) and suppose
IFO)lsy+c < e™HFD /K Cyyp. (3.28)
There is ). := A(t,a, K,s0) > 1 such that the following statements hold for all
n>0:
(n;1) By < N} =exp(Ay"v), v:i=4(t +a),
(n52) |ynt1 = yulsy < Ny¥ = exp(=Ax"v).
Statement (0; 1) is verified by

(H3) )
Bo=ILOFO)lsyrp = KIFO)gipre <,

which holds for 1 := A(so, @, 7, K) large enough.
Statement (0; 2) follows by

(3.22) (3.19)
1 —=yolsy =" IS(NO)L(0)F(0)lsy < Cy,0lL(0)F(0)ls,
(H3) (3.28)

< Co0KIFO)sgsr < e,

Now suppose (n; 1)—(n; 2) are true. To prove (n + 1; 1) write
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(3.27) N 23)) c k
Buyl < c3(1+ZNk Bk) < C3(1+Zexp((r+a+v)/l)( ))
k=0 k=0

= c3(1 +exp((t +a + u)/l;(")kzz‘aexp(—(r +a+v)A(" - X’f)))

IN

G5 1+ exp((@ +a +v)22") 2 (=S + )G = )

INA

Cypexp((z +a +v)Ax") < expiy™th

for some C4 := C4(a, 7, K,s9) > 0and A := A(a, 7, K, s9) > 1 sufficiently large
(because v(y — 1) > 7 + a).

Remark 3.7. The main novelty with respect to the analytic scheme—compare (3.25)
with (3.15)—is to prove that the term NZ*° N, _ﬁ | Bu—1in (3.25) is superexponen-
tially small. This follows, for f large, by (n; 1), implying that |y,4+1 — yauls, still
converges to zero at a superexponential rate if |y; — yols, is sufficiently small; see
statement (n; 2).

Let us prove (n + 1; 2). Recalling that N,, := exp(1y"), we have

(.29 n+1 n
Vn+2 = Yutilsy < Crexp(A(a+1)x" " ) exp(=28x") By
+ Crexp(i(a + )" ™) yns1 = yali,

(n3;1), (n;2) n+1 n n
< Crexp(Aa+1) ") exp(=AB8x") exp(Av ")

+ Crexp(i(a + 7)) exp(=2viy™)
< exp(—=Ax"y)

once we impose

exp(—Ay" 1)

Crexp(iy” (x(a+7) = f+v)) < ==

and
exp(—4x"*1v)

2
These inequalities are satisfied, for 4 large enough depending on a, 7, K, s, because

Crexp(Ay"(x (o + 1) —2v)) <

B—v(+ ) —y@+7)>0 and Q—y)w—y@a+7)>0

for f:=15(a +1),v:=4(a + 1), y =3/2.

This concludes the proof of the claim.

By (n; 2) the sequence y, is a Cauchy sequence in Yy, and therefore y, — y €
Ys,. By (3.24), (n; 1)—(n; 2), |F(¥n)lsy—a« — 0, and therefore, by the continuity of
F(-), we deduce F(y) = 0. ]
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Remark 3.8. Clearly much weaker conditions could be assumed. First of all, condi-
tions (H1)—(H3) need to hold just on a neighborhood of yp = 0. Next, we could
allow the constant K := K (| |,) to depend on the weaker norm | - |5,. The inverse
could be substituted by an approximate right inverse as in (3.16).
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Application to the Nonlinear Wave Equation

We want now to prove existence of periodic solutions of the completely resonant
nonlinear wave equation (NLW)
Uy — uyy = alx)ul, 4.1)
u(t,0)=u(t,7)=0,

where p > 2, p € N, for sets of frequencies w close to 1 with asymptotically full
measure.

Remark 4.1. Under spatial periodic boundary conditions Bourgain [37] proved, when
f = u® + O(u*), the existence of periodic solutions, branching off exact traveling
wave solutions of u;; — uyy + u° = 0. Recently, Yuan [132] has proved, still for pe-
riodic boundary conditions, the existence of certain types of quasiperiodic solutions.
For Dirichlet boundary conditions, periodic solutions have been proved by Gentile—
Mastropietro—Procesi [65] for analytic / = u® + O (), using the Lindsted series
techniques.

Normalizing the period 1 — wt and rescaling the amplitude u — Ju, 6 > 0, as
in Chapter 2, we look for 2z -periodic solutions of

u(t,0) =u(t,7) =0, (4.2)

Iwzun — Uyy = ca(x)u”,
where ¢ := 077!

In order to apply a Nash—Moser scheme, we look for solutions of (4.2) in the
space X, introduced in (2.63), formed by functions analytic in time (¢ > 0)
and valued in H(} (0, ). In [28] existence of periodic solutions with ¢ = 0, i.e.,
just Sobolev in time, has been obtained for just differentiable nonlinearities, with a
scheme similar to that of Theorem 3.6.

We shall fix s > 1/2 so that X, ; is a multiplicative Banach algebra (see Ap-
pendix E), namely
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luruzllo,s < Cllutlloslluzllo,s » Vui,uz € Xo.s,

and the Nemitsky operator induced on X, s by f(x,u) = a(x)u” satisfies, taking
a(x) e H'(0,7),

I/ @)llos < Cliullg,s » (4.3)
and it is in C*° (X, 5, X5 ) (actually it is analytic; see [111]).

Let us explain the choice of this space.

Remark 4.2. For nonodd nonlinearities, it is not possible in general to find nontrivial
solutions of (4.1) valued in

u(t,) ey = {u(x) = Zuj sin(jx) | Zexp (2aj)j2’)|uj|2 < +oo}
jz1 J

where a > 0, p > 0. Consider, for example,

[un—uxx=u2, 44)

u(t,0) =u(t,n)=0.

Since u(¢, 0) = 0, V¢, then uy (¢, 0) = 0, and by (4.4), u,, (¢, 0) = 0, V¢. Differen-
tiating twice (4.4) with respect to x and using that u (¢, 0) = 0, uxx(¢,0) = 0, we
deduce

Urrx (2,0) 4 202 (2,0) = 0, V.

Now uyyxx (£, 0) = 0, because all the even derivatives of any function in Y vanish at
x = 0. Hence u?c (¢, 0) =0, V¢. Differentiating again the equation, we can prove that
d%u(t,0) = 0, Vk, Vt. Hence, by the analyticity of u(z,-) € ¥, u = 0.

Projecting (4.2) according to the orthogonal decomposition
Xa,s = (V N XO’,S) @D (W N Xa,s) 5

where V' is defined in (2.14) and
W .= {w = Zexp(ilt) wi(x) € Xos | w—; = wy;
leZ.
T
and / wi(x) sin(lx) dx = 0, VI € Z }
0

yields (using that v;; = vyy)

(@-1 : . ,
TAU =elly f(v + w) bifurcation equation, 4.5)

Low =elly f(v 4+ w) range equation,

where
AV :=0yy + 0y, Lo =0y — Opx . (4.6)
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As explained at the end of Chapter 2, in order to find periodic solutions for positive-
measure sets of frequencies w, we have to solve the range equation

Low —elly f(v+w) =0,

finding w = w(e, v) via a Nash—-Moser-type iteration scheme.
There are two main difficulties in this program:

(i) Prove the invertibility of the linearized operators
h= L(g,0,w)[h] = Loh —elly [ (0 + w)h

obtained at any step of the Nash—Moser iteration (with a loss of analyticity as
in hypothesis (H2) of Theorem 3.1).

This invertibility property does not hold for all the values of the parameters (¢, v).
The eigenvalues {4;;(e,v), [ > 0, j > 1} of L(g, v, w) are, in general, dense in R
(as the spectrum of the unperturbed operator L), and they depend very sensitively
on (&, v). The linear operator L(¢, v, w) will be invertible only outside the “resonant
web” of parameters (¢, v) where at least one 4;; (¢, v) is zero. As a consequence, the
Nash—Moser iteration scheme will converge to a solution w(e, v) just on a compli-
cated Cantor-like set; see Theorem 4.8.

The presence of these “Cantor gaps” will have painful implications for solving
next the bifurcation equation; see Remark 4.28.

The invertibility of the linear operator L(¢, v, w) is obtained by the new method
developed in [26], which is different from the approach of Craig-Wayne [51] and
Bourgain [35]-[36]. The method in [26] requires less regularity, and it does not de-
mand oddness assumptions on the nonlinearity.

The second main difficulty that appears is related to the fact that we are dealing
with a completely resonant PDE, and the solutions v € V' of the linear equation (2.8)
form an infinite-dimensional space:

(i) Ifv € VNX, s, then the solution w (e, v) of the range equation obtained through
the Nash—Moser iteration will have a lower regularity, e.g., w(e, v) € X5/2.5.
Therefore in solving next the bifurcation equation for o € V, the best estimate
we can obtain is v € V' N X, /2 ¢42, which makes the scheme incoherent.

This second problem does not arise for nonresonant or partially resonant Hamil-
tonian PDEs like u,; —u, +a1 (x)u = az(x)u?+- - -, where the bifurcation equation
is finite-dimensional [51]-[52].

4.1 The Zeroth-Order Bifurcation Equation

To deal with this infinite-dimensional bifurcation problem we shall consider here the
simplest situation, which occurs when
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Iy (a(x)o?) #0, “4.7)

or equivalently,

Jo e ¥ such that /a(x)op+‘ £0. (4.8)
Q

For definiteness we shall assume that 3v € ¥ such that [, a(x)v?™! > 0. In this
case we set the “frequency—amplitude” relation'

and system (4.5) becomes

{—Au =TIy f(v + w) bifurcation equation, 4.9)

Low =elly f(v + w) range equation .
When & = 0, system (4.9) reduces to w = 0 and to the “Oth-order bifurcation equa-

tion”
—Av = Iy (a(x)v?), (4.10)

which is the Euler—Lagrange equation of the functional ®¢: J — R,

Dp+1
, 4.11
+1 ( )

ol
Dy(v) := —/Qa(x)p

2
2 . 2., .2
where |[v]|7,, = [q 07 + 05

Remark 4.3. Condition (4.7) is satisfied if and only if a(zx — x) # (—1)Pa(x); see
Lemma 7.1 of [26]. If (4.7) is violated, as for f(u) = au?, then the right-hand side
of equation (4.10) vanishes. In this case the correct Oth-order nontrivial bifurcation
equation is not (4.10), and another “frequency—amplitude” relation is required, as in
Section 2.4.

By the mountain pass theorem [7] (applied as in Chapter 2) there exists at least
one nontrivial critical point of @, i.e., a solution of (4.10).

Due to the fact that the range equation can be solved by w (e, v) only for a Cantor-
like set of parameters (e, v), the solution of the bifurcation equation by means of
variational methods is very difficult; see Remark 4.28 and [27]. Therefore we shall
confine our attention here to the simplest situation, when at least one solutiono € V'
of (4.10) is nondegenerate in V, i.e.,

ker @f, () = {0} (4.12)

(note that o, ¢ ker (I){)’l (D) because the functions of } are even in time). This nonde-
generacy condition is somehow analogous to the “Arnold condition” in KAM theory.

! In the case v € ¥ such that fg a(x)pPt! < 0 we have to set w? —1=2e.
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4.2 The Finite-Dimensional Reduction

To overcome the second difficulty (i7) we perform a further Lyapunov—Schmidt re-
duction to a finite-dimensional bifurcation equation on a subspace of ' of dimension
N depending only on o and the nonlinearity a (x)u?.

Introducing the decomposition
V=rerr,
where

N={veV|v= SV cos(Ityuy sin(ix) , u; € R},
Va:={veV|v=72 .y cos(tusin(x), uy e R},

and setting
v:=0v] 40, vy €V, e,

system (4.5) is equivalent to

—Av; =y, f(v1 +v2 + w), on
—AUZZHsz(Ul+1)2+w), (Q2) (4.13)
Low =elly f(v1 + 02 + w), range equation

where I1y;: X, s = V; denotes the projector on V; (i =1, 2).
Our strategy to find solutions of system (4.13) is the following:
Solution of the (Q2)-equation. We solve first the (02)-equation, obtaining v, =

02(v1, w) € V2 N Xy 42 when w € W N X, ¢, provided we have chosen N = N
large enough and 0 < ¢ < ¢ small enough, depending only on v and the nonlinearity
a(x)uP.

Solution of the range equation. Next we solve the range equation, obtaining w =
w(e,v1) € W N X5 by means of a Nash-Moser-type iteration scheme for (e, v1)
belonging to some Cantor-like set Bso.

Solution of the (Q1)-equation. Finally, we will solve the finite-dimensional (Q1)-
equation in Section 4.4.

Remark 4.4. Under the nondegeneracy condition (4.12) we could also solve first the
infinite-dimensional bifurcation equation in (4.5) and next the range equation. We
prefer to proceed as below because this scheme allows us to deal also with degenerate
cases; see [27].

4.2.1 Solution of the (Q2)-Equation

By the regularizing property of the Laplacian

=NV nHNQ) > Y HY?(Q), Vk>o0,
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and a direct bootstrap argument, the solution & € ¥ of equation (4.10) satisfies’

e VﬂHk(Q)E VNC®(Q).
k=0

In particular, .
ollo,s < R (4.14)

for some finite constant R > 0.
The next lemma is the crucial step in overcoming the difficulty mentioned in (i7).

Proposition 4.5. (Solution of the (Q2)-equation) There exists
N := N(R,a(x), p) €N

such that

- n =
V0<o <o:= w Vioillos < 2R, Y|wlles < 1,
there exists a unique
v2 =02(v1, w) € V2N X540

with |[v2(v1, w)llgs < 1 that solves the (Q2)-equation. The function vy (-, -) is C*

and D*vy are bounded on bounded sets.
Furthermore, the following “projection property” holds.

o2(ITy,0,0) =Ip0. (4.15)
If, in addition, w € X, g for some s’ > s, then v2(v1, W) € X, 42 and
lo2(01, ) l5,42 < K, [[w]lg,s) - (4.16)

Proof. Fixed points of the nonlinear operator N (v1, w, -): V2 — V5 defined by
N1, w,02) = (=8) T, (a@) 01 + 0 +02)")

are solutions of the (02)-equation. Let

B = {02 € 2N Xy | I02llos < 1}.

We claim that there exists N := N(R,a(x), p) e NsuchthatV0 < ¢ < :=In2/
N, llvillos < 2R, |lwllss < 1, the operator N'(vy, w, -) is a contraction in B:

(i) ”DZHJ,S <l= ||N(l)1, w, 1)2)”0',5 < 1;

(ii) v2, v € B= ”N(Dh w, v2) _N(Ul, w, 52)”0,3‘ < %”02 - 52”0',5-

2 Bvenifa(x) € H'((0, ), R) only, because the projection ITj has a regularizing effect in
the variable x.
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Let us prove (i). Vu € X, 5,

(G A

‘a = < 2” ||rr
u
s (N+ 1) s

and so v”w”J,S <1, ”UIHO,S < 2R,

HN(Uls w, v2)

a() w1 + 02+ )|

w5l
o5 (N +1)2

(4.3) C’
< i (s + o2l + i)

/

= NEI2

.8

(@R + 212 + 1) (4.17)

for some C’ := C’(a(x), p), because

lo1llo,s < exp(aN)lotllo,s < 4R

forall0 <o < (In2/N).
Therefore, by (4.17), defining

N :=,/C'((4R)? +2),

we have V|[o1[lo.s < 2R, V||w|lss < 1,¥0 <6 <& :=1n2/N,

/

C
PO
os ~ (N+1)2

lo2llos <1 = [NO1w,02)

((41§)P+1+1)51,

and (i) follows. Property (i7) can be proved similarly, and the existence of a unique
solution v (v, w) € B follows by the contraction mapping theorem.

Next v2(v1, w) € X5 542 by a bootstrap argument using the regularization prop-
erty of the Laplacian.

The C* smoothness of v, (-, -) follows by the implicit function theorem and the
C* smoothness of \V; see [26] for details.

Let us prove (4.15). We may assume that N has been chosen so large that

_ 1
[HIp,0]l0,s < -

Since v solves equation (4.10), ITy,0 solves the (Q2)-equation associated with
(v1, w) = (I1y,0, 0) and || TTy,0llo,s < R by (4.14). Hence
Iy, = NIy, 0,0, Iy, 0)

is a fixed point of N'(I1y,, 0, -) in B (for ¢ = 0), and by its uniqueness, I1y,0 =
v2(ITy,0, 0).
To prove (4.16) we exploit that v2(v1, w) € X, 5 solves
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02 = (=8) " Ty, (4@ @1 + w +02)7).

Suppose that w € X, ¢ for some s’ > s. Then, by a direct bootstrap argument, using
the regularizing properties of (—A)~!, the fact that v; € Xo.r, Vr > s (because V7 is
finite-dimensional), the Banach algebra property of X, .., we derive that v2(v1, w) €
XG,S’+2 and ||1)2(1)1, w)l'U,S/+2 < K(S/, ”w”a,s’)- n

Remark 4.6. Proposition 4.5 solves the difficulty mentioned in (ii) because v3 (v, w)
has always the same smoothness of w € X, ¢ (actually it also gains two derivatives,
w € Xg542). Therefore during the Nash—Moser iteration the “tail” v2(v1, wy,) will
“adjust” its smoothness like the iterated w, (which decreases its analyticity).

Remark 4.7. We perform the finite-dimensional reduction in BQR; V) = {v1 €
Vil llvillo,s < 2R} because we expect solutions of the (Q1)-equation close to Iy, 0
and |[ITy,0(lo,s < R. This will be observed in Section 4.4.

We stress that in the sequel we shall consider as fixed the constants N and &,
which depend only on o and the nonlinearity a(x)u?.

4.3 Solution of the Range Equation

By the previous section we are reduced to solving the range equation with v, =
v2(v1, w), namely
Low =ellyT (v, w), (4.18)

where

'y, w):= f(1)1+w+1)2(1)1,w)). (4.19)

The solution w = w(eg, v1) of the range equation (4.18) will be obtained by
means of a Nash—Moser iteration scheme for (e, v1) belonging to a Cantor-like set
of parameters.

Theorem 4.8. (Solution of the range equation) For ¢g > 0 small enough, there
exist
w(-,-)eC™” (Ao, wn X&/z,s) ,

where Ao 1= [0, e0] x BQ2R; V1), satisfying

< C(k 4.20
p SCM. @20

<cZ, HD"@(S,M)
/2.5 y

H w(e,v1)
and the “large” Cantor set B, C Ag defined below, such that
V(e,01) € Boo, w(e,v1) solves the range equation (4.18).

The Cantor set B, can be written explicitly as
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M1, w(e, v1)) 2y
& >

Bso := {(8,1)1) € Ay : ‘a)(e)l —j—

2j T+ T
“”(8)1_1‘—(1+ vz v1>— 1#)]c 40,
where w(e) = +/1 —2e and
M@, w) = IQI/(@ f) X, 01 +w+1)2(v1,w)) dxdz. (4.21)

As explained in the introduction, to get the invertibility of the linearized operators
we have to excise values of the parameters (g, v1). For this reason, it is more conve-
nient to apply a slight modification of the analytic Nash—Moser scheme described in
Section 3.2, introducing, as in Section 3.3, also a sequence of “smoothing” operators
via finite-dimensional Fourier truncations, as in Remark 3.5.

The advantage is that we avoid having to invert the infinite-dimensional operator
L(e, v, w), replacing it by a sequence of finite-dimensional matrices of increasing
dimensions, imposing at each step a finite number of conditions on (¢, v1); see prop-
erty (P3) below.

We consider the orthogonal splitting

W — W(I‘I) @ W(}’l)J_ ,

where
o _ {w W ‘ w=S" exp ) w;(x)} , (4.22)
[/|<Ln
wmL — {w ew ‘ w = z exp (il1) wl(X)} , (4.23)
11> Ly
and
Ly = Lo2"

with Lo € N large enough. We denote by
P — w® and PLw — wnwt

the orthogonal projectors onto W) and W)L

The existence of a solution of the range equation is based on the following prop-
erties (P1)—~(P3).
o (P (Regularity) I'(,) € C%(BQR; V1) x B(; W\Xo5), Xy,s ). Moreover,
D*T are bounded on B(2R; ) x B(1; WN Xg).

(P1) is a consequence of the C*°-regularity of the Nemitsky operator induced by
f(u) on X, s and of the C*°-regularity of the map v, (-, -) proved in Proposition 4.5.
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o (P2) (Smoothing estimate) Vw € WL N X, ;andV0 <o’ <0, |w|,s <
exp (=Ln(o = a"))llwlls,s.
The standard property (P2) follows from
lwlZ, g = D expQa'lINE* + Vw7,
111> L

> exp(=2(c — o)) exp Qo |l + w7,
[/|>Ln

exp (=2(c — o) Ly)llwl? .

IA

The next property (P3) is the invertibility property of the linearized operator
En(S,D],U)) [h] = Lwh _SP}'IHWDU)F(Dlaw) [h] > (424)
Vhe wm,

e (P3) (Invertibility of £,)) Let y € (0,1), 7 € (1,2). Suppose 3 C; > 0 such
that

H @0 /)01 + W + 02 (01, ) HU’HZTZ(:] <C. (4.25)

For g9 > 0 small enough, if (¢, v1) belongs to

An(w) = {6 01) € [0, 0] x BQR W) o) = jI 2 ==
M
‘w(a)l—j—g (’”,’w)‘ >V Y(,)eNxN
2j I+ j)r
1
1 #], e <l,1<Ly, j< 2Ln} (4.26)

(first-order Melnikov nonresonance conditions), then £, (g, vy, w) is invertible
on W and

- K -
Tl CHIRDI ] IO R L1 (4.27)
for some K > 0 (independent of n).

Remark 4.9. An estimate like (4.27) that holds for any n > 0 is tantamount to say-
ing that the inverse of the infinite-dimensional operator L(g, vy, w) [h] := Lyh —
6Ty Dy T (01, w) [] satisfies |7 (e, 01, 0) [W]llos < K'y "l llospets i it
loses (z — 1) derivatives. This can be seen via a “dyadic decomposition” using that
L, =Lo2" L+ =2L,.

Property (P3) is the real core of the convergence proof and where the analysis of
the small divisors enters into play. Property (P3) is proved in Section 4.5.
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4.3.1 The Nash—-Moser Scheme

Following the proof of the “analytic” Nash—-Moser theorem, Theorem 3.1, we first
define the sequence

o ::6-9 O-n-i-l:O-n_yna VnZOs (428)

where
Y
T2 41
denotes the “loss of analyticity” at each step of the iteration, and we choose yg > 0
small such that the “total loss of analyticity” satisfies

D=, nzyj’rl =3 (4.29)

n>0 n>0

v

By (4.28) and (4.29),

o
O'n>3>0, Vn.

Proposition 4.10. (Induction) 3 Ly := Lo(y,7) > 0, &9 := eo(y, 1) > 0, such
thatVey 1 < g0, Vi > 0 there exists a classical solution w, = w, (e,01) € w ) of
the equation

(Py) Low, —eP Iy T (01, w,) =0
defined inductively for
(e,01) € Ay C Ap_1 C ... C A1 C Ao :=[0,50] x BQR; V1),

where
Ay = Ap ﬁ-/4n(wn—1) #0 (4.30)

and the set A, (w,—1) is defined by (4.26).
Furthermore w, = >_¢_q h;, with h; € WO satisfying

& . 3
1hillo;,s < C; exp(—x"), x= 3 (4.31)

wy (-, -) € C®(Ap, W), and

&
S —_
Op,S Y

< Ki(k) (4.32)

On,S

K1, HD"wn(s,vl)

Hwn(e,m)

for any k > 0. Furthermore, there exists i, (-, -) € C* (4o, W™) such that

n
Dy (e, 01) = wa(e,01), V(e,v1) e ()4, (4.33)
i=0
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where for some v :=v(y, t) > 0 small enough,

~ 2
= {(e o) € 4 dist((e, 1), 04) = =] € 4

L:

1

Vi =0,...,n The function w, satisfies

Cs HDk@n(é‘,Ul)

< C(k), (4.34)

On,S

Wy (e, 01) <

&
on,S Y
Sforany k > 0.

Proof. The proof proceeds by induction.

First step: initialization. Let L be given. For any
[ 1|Lo < !
w — P
0=2
then L, is invertible and

1L, Bllog.s < 2MAllogs, Yh e WO

(this is the finite-dimensional situation as in Chapter 1). Indeed, the eigenvalues of
Ly are —?? +j2,VO <I<Lypj>1,j+#1 and
| =@’ + )% = | = ol + jl(@] + )
1
> (I == lo = 1Lo) (@l + ) = 1 - 3.
Therefore, using Property (P1), Vey ~! < &1(y, Lo) small enough, Vo, € BQ2R; V1),
equation (Py) has a unique solution wo(e, v1) € W(© satisfying
lwo(e, v1)llgy,s < Kot

Moreover wq(-, -) € C*(Ay, W(O)) and || D¥wy (e, 1) llgg,s < C(k).

Second step: iteration. Suppose we have already defined a solution w, € W of
equation (P,) satisfying the properties stated in the proposition. We want to define

Wyl = Wy + Myt , hpyy € wtD
as an exact solution of the equation
(Pat1) Lowny1 — Py 1 T (01, wpt1) = 0.
For h € WD we develop

Ly(wp +h) —ePpp1 T (01, wy + 1) = Lywy, — Py My (01, wy)
+ Lyh — &‘P,H_lHWDwF(Dl, wy) [h]
+ R(h)
=rn + Lnt1(e, 01, wy) [A] + R(R),
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where, since w,, solves equation (P,),

Fn = Lywy — e Pyyp1 T (01, 0,) = —e Pt Pyt Ty T (01, wy)

R(h) i= =& P Ty (T (01, w0, 4+ h) = T (01, 0,) = Dy T @1, 0,) [4] )
Hence equation (P,+1) amounts to solving
Loy1(e, 01, wy) [h] = —ry — R(h) . (4.35)

The remainder r, is “superexponentially” small because

(P
||rn||u,,+1,s = SCSXP( Luyn) n+1HWr(Ul; wy)

Op,S
< e C'exp(=Luyn)|T (01, w,)
On,
(P1)
< e C"exp(—Lnyn) (4.36)

using also (4.32).
The term R (%) is “quadratic” in 4, since by (P1) and (4.32),

[nR(h)ug,,H s SCellhlZ,, . 437)
IR(h) = R(h)lgysr.s < Ce (Wnlloyyrs + 10 Nopprs) 12 =Ny s s
for all [|2]l,,,.5» [12']l5,,,s small enough.
Lemma 4.11. There is C; > 0 such that V| v1]lo,s < 2R, Vn >0,
H (auf)(vl + w, + v2(v1, wn)) T, <C. (4.38)
Proof. Since w, = > _ hi,
n
lwnll,,,, pzpemn < Z;, 1hilly, 20
® S C@lhill,.s
= prCa)

0 (01 — 1) T
@30 . exp (—x")
= o Z Zr(r D/2—71)

1 ) rz]
-I-l) :EK,

< C ZeXp(—x )

since 0; — op+1 > yi == vo/(1 + iz), Vi =0, ..., n and using in (*) the elementary
inequality
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C(a)

o (. — -
r}(lgk exp{—(0; — op41)k} < O — o

By (4.16), also

/
o201, wa)ll,, | 2ot < K7,
and (4.38) holds by the Banach algebra property of X, ¢41o7(r—1)/(2—1)- [ |
By the previous lemma, for
(e,01) € Apt1 = Ap N Apy1(wn), (4.39)

property (P3) applies: the linear operator £, 11 (g, v1, w,) is invertible and

- C -
[ oo™ s @)™ Ve e dug @40

Op41,5
Remark 4.12. Note that 4, = --- = A; = Agif L2" < +.

Remark 4.13. To show that 4 := N,>04, is not empty but is actually a “large”
set, the key ingredient to exploit is again the “superexponential” convergence (4.31)
of the approximate solutions w,. The method we choose here is the following: we
define a map w(-, -) on the whole set A (see (4.60)) and a set By, C Ao depending
only on w; see Lemma 4.19. In Proposition 4.24 we prove that By, and s0 A, is
a “large” set. An advantage of this approach is the very explicit expression of the
Cantor set Bxo. This is especially exploited in the fine-measure estimate of [27].

By (4.35), equation (P,41) is equivalent to finding a fixed point
h=G(, 01, w0, h),  hewntD, (4.41)
of the nonlinear operator
Gle, o1, wp, h) == —Lyy1(e, 01, wy) ! (rn + R(h)).

Lemma 4.14. (Contraction) There exist Lo(y, ) > 0, e9(Lo, y,7) > 0, such that
Vey -1 < g, the operator G(g,v1, wy, ) is, for any n > 0, a contraction in the ball

f
B(pnt1; W(n+1)) = {h e o+ | ||h||an+1,s < ppg1 = ; exp (_Xn+l)}-

Proof. We first prove that G(g, vy, w,, -) maps the ball B(p,+1; W(”“)) into itself.
We have

9. 01, wn, ) = |wion w7 (e + ROD)
Optl,S On+158
(440 C -
< = @ae) ™ (Inlloyys + 1RO, 1,5)
14
C/

IN

T(LnJr])T_1 (a exp (—=Lnyn) + ¢ ||h||(27n+1,s)
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by (4.36) and (4.37). Therefore, if |24, ,,s < pnt1, then

C’ _
Hg(é‘, 01, Wy, h) } < 7(Ln+1)r 18(exp (_Lnyn) +Pn2+1) < Pn+l s
On+1>
provided that
& _ Pn+1
€' L)’ bexp (=Luyn) < - (4.42)

and
(4.43)

N =

& _
C/J(Ln+l)r 110n+1 <

1

Then (4.42) becomes, for p,41 =&y "' exp (—y"t1),

_ 1
C'(Lus1)" " exp(—Luyn) < 5 P (—x"*h,

which for L,, := Lo2", y, = y0/(1 +n?),and Lo := Lo(y, 7) > 0 large enough is
satisfied Vi > 0. And (4.43) becomes

/82 n+1 ol n+1 1
CF(LO(V,T)z ) e <5,

which is satisfied for ey 1< g (Lo, y, t) small enough, Vn > 0.
With similar estimates, by (4.37), we get VA, h’ € B(ppy1; WD),

Hg(s, o1, wn, h') — G(e, v1, Wy, h)

1 /
< E”h —h ||¢7,,+1,s 5

On+1,S

again for L¢ large enough and ey ~! < &¢(Lo, 7, 7) small enough, uniformly
in n. ]

By the contraction mapping theorem we deduce the existence of a unique 4,41 €
W+ solving (4.41) and satisfying

Furthermore, by an elementary bootstrap in (4.35), since £

hn+1

&
S pret = oxp (—x"t). (4.44)

On+1,S

-1
n+1
spatial derivatives, each £, (z, -) is in H3(0, 7). Hence w, is a classical solution of
equation (P,). This completes the existence proof.

We also note that by (4.31) and (4.35),

(e, 01, wy,) gains two

161:hy ”U,,,s , 10xxhn ”an,s < Keexp (_X:) (4-45)

forsome 1 < y. < y, K > 0.
Finally, w,41 = Z;’;Lol hi,hi € W9 satisfies

n+l 400 e ) e
a1 lo,prs < D Mhillors < D C= exp(—x') = K1,
i=0 i=0 7 7

and the left estimate of (4.32) holds.



88 4 Application to the Nonlinear Wave Equation

Remark 4.15. A difference with respect to the “quadratic” Nash—-Moser (plus the
truncation) scheme in [51] is that 4, (e, v1) is found as an exact solution of equation
(Py), and not just as a solution of the linearized equation r, + L, 41 (¢, v1, wy) [A] =
0. This is convenient in proving the regularity of %, (-, -) in the next lemma.

Lemma 4.16. (Estimates for the derivatives) /,(-,-) € C®(4,, W™), ¥n > 0,
and
Hth,,(g, 1)1)H < [K1(k, 7)1 exp(=7") (4.46)
0,8

for some y € (1, y).
As a consequence, wy (-, ) € C®(A,, W) and (4.32) holds.

Proof. By the first step in the proof of Proposition 4.10, g = wg € C®(4g, W)
and || D¥wo (&, 01) [lgp.s < C (k).

Next, assume by induction that 74, (-, -) € C*®(4,, W(”)). We shall prove that
ha1(y ) € C®(Apgr, WOHD),

We have that /1,11 (¢, v1) is a solution of

(Put1) Un1 (8, 01, by (e, 01)) =0,
where
Un+1(g, 01, h) i= Lo (wy +h) — e Ppp 1 T (01, wn + h) .

We claim that D, U, 4+1 (e, 01, hyt1) = Lot1(e, 01, wpt1) (= Lyg1(wy41) for short)
is invertible and

-1 g 7—1
DpUyt1(g, 01, hpy1) < . (Lat1) . (4.47)

On+1,5

By the implicit function theorem, /,41(-, -) € C®(Apt1, WD), To prove (4.47),
we first recall that £,,4 (w,,) is invertible and (4.40) holds. We have

[fn+l (wn+1) - £n+l (wn)

On+1,S

= ngn—HHW(Dwr(vls wn—i—l) — D, I'(v1, wn))

Op+1,S

(P1)
< Ce ||hn+l||u,,+1,s

(4.44 2
29 0E exp(—ymtYy. (4.48)
y

Therefore

Lo (Wn1) = Lo 01+ Lo (0) ™ (Lrst 1) = Losr(wn) | 449)

is invertible whenever (recall (4.40) and (4.48))
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2
1€
< —(Lug1)* ]7 exp(—yx

On41,8

n+l)

Lot )7 (Lot Wa1) = Los1(0))

A
N =<0

, (4.50)

provided that ey ~! is small enough (note that (L,41)*"' = (Lo2"t)"~! «
exp(y" 1) for n large). Furthermore, by (4.49), (4.40), (4.50), estimate (4.47) holds.

We now prove in detail estimate (4.46) for k = 1. Let us define 1 := (¢,0;) €
Ap+1. Differentiating equation (P, 1) with respect to 4, we obtain

(Pry1)  Lati(e, 01, wn+1)[8zhn+1(8, Ul)] = —(5/1Un+1)(8, 01, hnt1 (e, 01))

and therefore

447 C

H@lhnﬂ < ;(Ln-i-l)r_] H (02Uns1)(e, 01, hpt1)

4.51)

Op+1,S On+1,8

Since w,, solves equation (P,), that is, L,w, = ¢ P,y T (v, w,),
Unt1(e,01,h) = Loh + e(Py Iy T (01, wyp) — Post I (01, wy + h))
and we can write
(0.Un+1)(e, 01, h) = (01Up41) (e, 01, 0) + 7 (e, 01, h), (4.52)
where
(02Un+1)(e, 01, 0) = (Py — Pyy1) w0y [T (01, wa (e, 01)]

= =2 P Pt Ty [ (D) (01, w0) + @uD) (01, w,) [0, |
~0:(e) P Pai T (01, 1) (4.53)

and
r(e o1, h) = sPn+1HW[(6iF)(m, wn) — (0, T) V1, wy + h)]
+ & Pt Iy [ @uD) 01, 0) = @ T) 01, w5+ )| [8;04]
+ 0, (Lweyh) + 01(e) Pop1 Iy (T (01, wy) — T (01, wy + h))

with 0; (Lyeyh) = 0, 0;(e) = 0if 1 # ¢ and 0;(Lo()h) = —2hy, (recall that
w? = 1 — 2¢). Therefore

(e o0y

< Co Il (14 1020ll0,11,5) + CLE 1l s (454)

On+1,S

We now estimate (3, U,+1) (e, 01, 0). By (4.53),
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[@Unneo. 0] L ep-Lam[e] @01 w0

On+1,S

+ (6w (01, wy) [61w,]

+ | )
opn,S

an,s]

(P1)
<" Cexp(=Layn)(1+ 101005 ) - (4.55)

Combining (4.51), (4.52), (4.54), (4.55), and (4.44) yields

C e
Oihnst] = = (Laa) ™ (S exp(=" ) + exp(=Lar)
On+1,8 Y Y
X (1 + ”6lwn”an,s)
n
< C@) exp(=7" ) (14 10:hi 1) (4.56)
i=0
forany y € (1, x). Reasoning by induction (4.56) implies (4.46) for k = 1. [ ]

We now define, by interpolation, say, a C*°-extension w, (¢, v1) of w, (¢, v1).

Lemma 4.17. (Whitney C*° extension) Let

~ 2
A; = {(8, v1) € 4; | dist((e, v1), 0A4;) > L_];} C A;,
i
where v := v(y,t) > 0 is some small constant specified later; see Lemma 4.19.
There exists h; € C® (Ao, WD) satisfying
~ eK ~i
”hi”oi,s < TGXP(—){ ) (457)

for some y € (1, y) such that

n
W=D hi € C®(Ag, W)
i=0

satisfies (4.33) and (4.34).

Proof. Let p:R x V1 — Ry be a C* function supported in the open ball B(0, 1) of
center 0 and radius 1 with fo P du = 1. Here u is the pullback of the Lebesgue

measure in RV*! onto R x 7.
Let ¢;: R x 71 — Ry be the “mollifier”

pi() = (LT?)NHq)(LT?/l) , where A= (e, v1),

which is a C*° function satisfying
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supp ¢; C B(o, 13) and / prdu=1. (4.58)
L: Rx 1}
Next we define y;: R x V] — Ry as
i i= (o 24 ) D = [ 1= 4y .
Rx V]

where y Ar is the characteristic function of the set

Ar = {1 — (5,01) € A; | dist(1, 0.4;) > %} C 4,

i

namely )(A;s(/l) :=1if 1 € 47, and ){A;_k(/l) =0if 1 ¢ 47.
The function y; is C*°, and Vk € N, V. € R x 7,

D@l =| [ DhiG = o) dun)
Rx 1

< [0 JE) () (S n)
3

v v
- (&) [ wee=EY oo, e

v

where C(k) := fo " |Dkg0| du. Furthermore, by (4.58) and the definition of 4} and
A4, ~
0<wi(A) <1, suppy; Cintd; and y; (1) =1 if 1€ 4;.

Finally, we can define
() == wo(1), Biv1(A) 1= B (1) + hip1 (1) € WD |

where '
i1 (1) == Wirt(WDhip1(A) if A e 441,
o if ¢ Aig1,

is in C% (4o, WU*D) because supp yi41 C int 4;1; and, by Lemma 4.16, h; 4| €
C(Ajy1, WIFD), _

Therefore we have w, (1) := >/ hi (), W, € C*® (Ao, WY and (4.33) holds.
By the bounds (4.59) and (4.46) we get (4.57) and

HD"E (2) ) exp(—7)

L3 Kk . Kk
< Cl, 7' (F2H) exp(=7) < =
0;,S v v

for some 1 < ¥ < jy and some positive constant K (k) large enough. The estimates
(4.34) follow.

The proof of Proposition 4.10 is complete. ]



92 4 Application to the Nonlinear Wave Equation

Proof of Theorem 4.8. The sequence w, (with all its derivatives) converges uni-
formly in Ag for the norm || ||5 /2, to some function

w(e,v1) € C™ (4o, W N X525, (4.60)
which, by (4.34), satisfies (4.20) and
~ ~ @57 C ~
|00 = Buteon| T2 —exp(=7"). (461)
/2,8 Y

Note also that by (4.45), we get (¢, -) € H>(0, ).

Remark 4.18. 1f (e,01) & Aos := Np>0An, then @(e,01) = ,-; hu(e,v1) is a
finite sum; see the proof of Lemma 4.17.

To get the explicit Cantor set B, let us consider

M1, (e 01)
2

2y
I+ ))

>

B,,::{(e,vl)egﬂa)(g)l—j— ‘2

. Y
0@ =1 2

1
I, —<l,l§L,,,j§2L,,}.
3e

, V(j,I) € N x N such that

Note that B,, does not depend on the approximate solution w,, but only on the fixed
function w.

Lemma 4.19. Ifvy ~' > 0 and ey =" are small enough, then
B, C Ay, Vn > 0.

Proof. We shall prove the lemma by induction. First, By C Ap. Suppose next that
B, C A, holds. In order to prove that B,+| C A,+1, take any (¢, v1) € B,41. We
have to justify that

2v
B((01) 75—) © Autr (4.62)
Ln+1
First, since B,+1 C B, C Zn, then (g, v1) € Zn. Hence, since L,41 > L,

2v
B((e, 01), 3—) C A,.
L
n+1
Let (¢/,0]) € B((s,v1),2v/Lfl+1). Since (¢,01) € Zn, we have w,(&,01) =
wy (g, v1). Moreover, by (4.32), || Dw,|l5,2,s < C. By (4.61),

Hwn(g’, v]) — w(e, v1) < Hwn(g’, 0]) — wy(e, ul)H_/z
G /2,8

G/2,s
+ Hwn(s,vl) - @(8,01)”_
/2,8
2vC Ce

< + —exp(—x").
3
Ln+1 4
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Hence, by the definition of By, setting @’ := /1 — 2¢’, we have
E,M(U’l,wn(s’,vi)) gM(vl,ﬁ(s,m)) B Cv

Wl —j— ‘z‘wl—j— , !
2J 2j Ly,
2
2 — S (-7
Ln+1 7
2y Cv &? ~
> — - — C—exp(=x")
a+n" L2, Y
> ! -
I+ )
for all % <l <Lps1,l#j,j <2L,41, whenever
2
4 v e ~
> C( +Z exp(— x”)). (4.63)
GLir? — \12. 77
We observe that (4.63) holds for ey ~! and vy ~! small, for all n > 0, because 7 < 2
and limy, 00 L) 4 exp(—x™) = 0. Then (4.62) is proved. [ ]

Corollary 4.20. (Solution of the range equation) /f'
(e,01) € By := ﬂBnC ﬂ;{nc ﬂAn,
n>0 n>0 n>0
then w(e, v1) € X5 2,5 is a solution of the range equation (4.18).
Proof. 1f (g,v1) € By then (g,01) € ﬁ;’:OZi, VYn > 0, and so wy(e, v1) “.33)
wy, (&, v1) solves equation (P,):

Low, = 5PnHW1“(z)1, wn) = EHWF(Dls wn) - 8PnJ_HWr(Dly wn)~ (464)

Since

Byt o] o (= Laton = 6/2) [T, )

(P<1) c ( Lo2" )
exp|l —yo—————),
< P10y

G /2, On,S

with o, — (6/2) > yn = y0/(n> + 1), the right-hand side of (4.64) converges in
X5 s toellyI (v, w(e, v1)).

Next, using (4.45),
1Lown = Lobllans < D ILahills/os -
i>n
which tends? to 0 for n — +o0. The corollary is proved. [ ]

3 The smallness of ILwhillz 2,5 can be seen also by Lyh; = e P Iy (I'(vy, w;) —
L1, wi—))+ e P Py T (01, w;).
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What remains to prove is that

BOO:QBHAQJ,

n>0

and that in fact, By is a “large” set.

4.4 Solution of the (Q1)-Equation

Once the (02)-equation and the range equation are solved (with “gaps” for the latter),
the last step is to find solutions of the finite-dimensional (Q1)-equation

—Av; =11y, G(e, v1), (4.65)

where

Gle,v1) = f (01 + Bz 01) + 0201, Ble,v1))
such that (g, v1) belongs to the Cantor set B; see Figure 4.1.
For & = 0 the (Q1)-equation (4.65) reduces to

—Avy =11y, G(0,v1) = Iy, (a(x)(vl + 02(01,0))‘7) : (4.66)

Lemma 4.21. 0; :=IIy 0 € B(R; V1) is a nondegenerate solution of (4.66).

Proof. By (4.15) and since o solves (4.10), 01 solves (4.66). Assume that 41 € V7 is
a solution of the linearized equation at 01 of (4.66), i.e.,

Ak = Ty, (pae) @1 + 0251, 0)7 (1 + h2) ). (4.67)
where /7 := Dy, 02(01, 0) [#1] € V2. By the definition of vy,
—A3(01,0) = M (aC) 01 +02001,0)7), ¥or € BCR, 1),
whence, differentiating at 01,
Ay =Tl (pa() @1 + 021, 0)7 ™ (1 + 1)) (4.68)

Summing (4.67) and (4.68), h = h| + hp € V is a solution of ®”(v) [k] = 0. By
(4.12), h = 0 and hence /1] = 0. |

Lemma 4.22. There exists a C* path
e v1(e) € BQR, V1)

of solutions of the equation (4.65) with v1(0) = v;.
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Proof. We may apply the implicit function theorem by Lemma 4.21 and since
(e,01) =» —Av; — I, G(e, v1)
is in C*([0, £0) x B2R, V1); ). ]

By Theorem 4.8 and Proposition 4.5,

u(e) == sﬁ [vl(s) + 07 (01(8), w(e, vl(s))) + w(e, 01(8))] € Xspns (4.69)

is a solution of equation (4.1) if ¢ belongs to the Cantor-like set

¢i={eel0,20) 1 (6, 01(e)) € Buc].
Remark 4.23. Actually, u is a classical solution because
uxx(tix) = wzutl(tax) - f(xs u(t,x)) € H()I(Oa 77'-)

Vvt € T,and sou(t,-) € H>(0,7) c C%(0, ).

The smoothness of »;(-) actually implies that the set C has full density at the

origin, namely

poleniomi

4.70
Jim — (4.70)

Geometrically this estimate exploits the structure of the Cantor set B, and that the
curve of solutions & > v (¢) crosses By transversally (it is a graph); see Figure 4.1.

Proposition 4.24. The Cantor set C satisfies the measure estimate (4.70).
Proof. Let0 < n < g9. We have to estimate the complementary set

em(g) - 2y
2j (+))r

1
for some/ > —, l;ﬁj},
3e

e n@m={ee@n| |oer-;-

. Y
or ‘w(s)l —]‘ < T+
where

m(e) := M(vi(e), w(e, v1(€)))

is a function in C*°([0, &¢) , R) because ¢ > v1(¢) is C*° by Lemma 4.22, w(e, v})
is C*° by Theorem 4.8, and M (-, -), defined in (4.21), is C*°. Actually, in the next
argument we just use that & > m(g) is C'.
We can write
cnopec | (Rl,j us,,_,), 4.71)
(,))eTr

where
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N

v1(e)

Fig. 4.1. The Cantor set in which the range equation is solved and the solutions v (¢) of the
bifurcation equation.

Si={o e O o - - B < 2L,
Reyi= o e O o =] < 25},

and

1 .
Tei= {0 ) 11> 5o 14 ), L e[l —4n,1+4n]]
35 /

(note indeed that R ; ; = S;; = @ unless j/l € [1 —4n, 1 + 47]).
By Proposition 2.27 we already know that

U 731,_1" =o(n)

(1.j)eLr

for n — 0. Here we show that also,

U S| =o. (472)

(,))elr

This is a consequence of the measure estimate

1Sij] = O(F%) . (4.73)
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which follows by the C'-smoothness of m (¢). Indeed, setting

em(e)
2j

Jij(e) :=w(e) —j —

we have, recalling w(¢) = /1 — 2¢,
‘ -1 m(e) +em’ ()
J1=2¢ 2j
for any ¢ € (0, 77) and # small enough.
Since for a given /, the number of j for which (/, j) € Zg is O(y/), we have

y
31,;‘ < 2 ISlsC >l x oy <Oy
(1)) (.))eZx 12173

)
10: iy (&) = B

which concludes the proof of (4.72) because 7 > 1. [ |

Remark 4.25. In [27] is proved an asymptotically full measure intersection property
as in Proposition 4.24 under just a weak BV dependence of ¢ +— wv1(¢). This is
relevant for weakening the nondegeneracy condition (4.12) as discussed in Remark
(4.28) below.

The nondegeneracy condition (4.12) on the nonlinearity can be verified on several
examples,* yielding the following theorem.

Theorem 4.26. ([26]) Let

aru?, ay #0,
fl,u)=Jas()?, (az):= (1/7) [f a3(x) #0,
a4u4, as #0.

Then, s > 1/2 being given, there exist ¢g > 0, ¢ > 0, and a C*-curve [0, &9) >
e — u(e) € X525 with the following properties:
1 2
(@) Hu(s) —er T 6”_/2 = O(erT) for some v € VN X5 5, 0 # {0}.
/2,8

(it) There exists a Cantor set C C [0, go) of asymptotically full measure, i.e., satis-
fving (4.70), such that ¥ ¢ € C, u(e)(w(e)t, x) is a 27w Jw(e)-periodic classical
solution of (4.1) with frequency respectively

A1 —=2e2,

0= 1 — 2esign(as),
V1 —2e2,
41n the cases f = a2u2, a4u4 the condition (4.7) is violated, and as in Section 2.4,

the correct Oth-order bifurcation equation is the Euler—Lagrange equation of %llvll%{l -
a%, fg oPO~ WP, p=2,4.
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Remark 4.27. (Multiplicity) To get multiplicity of periodic solutions we look for
27 /n time-periodic solutions of (4.2). We can prove ([26], [11]) that there exist ng €
N and a Cantor-like set C of asymptotically full measure such that Ve € C, equation
(4.1) possesses 27 /(nw(&))-periodic, geometrically distinct solutions u,, for every

no <n < N() where lim N(¢)=+00.
e—0

Each u,, is in particular 27 /w (¢)-periodic.

Remark 4.28. (Weaken the nondegeneracy condition) We could solve the bifur-
cation equation with variational methods as in Chapter 2, proving, Ve > 0 small, the
existence of mountain pass solutions v (¢) of the (Q1)-equation. However, since the
section

E, = {vl | (e,v1) € Boo}

has “gaps” (except for w in the zero-measure set V¥, of Chapter 2), the big difficulty
is to prove that (¢, v1(¢)) € B for a large set of &’s.

Although B is in some sense a “large” set, this property is not obvious: the
complement of By, is actually arcwise connected! And the critical point v (¢) could
depend (without a nondegeneracy condition) in a highly irregular way on ¢.

Results in this direction have been obtained in [27] using variational methods for
parameter-dependent families of functionals possessing the mountain pass geometry.

4.5 The Linearized Operator

We prove in this section the key property (P3) on the inversion of the linear operator
Ly(g,v1, w) defined in (4.24).
4.5.1 Decomposition of L,
We can write, recalling (4.19),
En (85 U1, U)) [h]

= Lyh — e Pyl Dy T (v1, w) [A]

= Loh — e PyIly ((0u /) (01 + w + 02(v1, w)) (h + dv2 [A]))

= Loh — e PaTly (b(t,x)h) — e PaTly (b, 1)3,02 [h1) . (474)
where for brevity,

b(t,x) == (0uf)(x,v1 + v+ v2(v1, W)). (4.75)

To invert £, it is convenient to perform a Fourier expansion and represent the op-
erator £, as a matrix. The main difference with respect to the procedure of Craig—
Wayne—Bourgain [51, 36] is that we shall develop £,, only in the time-Fourier basis
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and not in the time and spatial Fourier basis {¢/’ sin(jx), [ € Z, j > 1}. This is
more convenient in dealing with nonlinearities f (x, «) with finite regularity in x and
without oddness assumptions.

In the time-Fourier basis the operator’
Ly = —(1)28” + Oxx

is represented by the diagonal matrix (of spatial operators)

WL+, 0 0 0
Ly, = 0 0 w?k? + Oxx 0
0 0 0 L2 + Oyy
because
h = Z exp (ik)hp(x) = Loh= Z exp (k1) (k> + Bex)hp(x) .
K<Ly KI<Ly

The operator 4 — P, Iy (b(¢, x) h) is the composition of the multiplication operator
for the function

bt,x) =D exp(ilt)by(x)

leZ
with the projectors Iy and P,.

The projector Iy: Xg s — W is given,Vh =D, _, exp (ikt)hy € X, 5, by
(M h)(2,x) = D exp (ikt) (xxhp) (x) , (4.76)
kel

where
). HO1 (0, 7); R) > (sin kx)*

is the L%-orthogonal projector.
Forall h = > -, exp(ikt)hj we have

Py (b(t,x) h) = D explilt)mi(by—k (x)hi(x)) ,
&l 11<Ln

so that it is represented by the matrix that has in row / and column & the space
operator 7;(b;—r(x) [-]), namely

w_r,bo m_1,b_1 ... m_1,b-21,

P,y = by ... wbj_k

7L, bar, .o.mp,by wp,bo

5 In order to have the positive signs below it is the opposite of L, defined in (4.6). Since
there is no risk of confusion we denote it in the same way.
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As usual, in the Fourier basis, the multiplication operator is described by a “Toepliz
matrix” (constant terms along the parallels to the diagonal). Note also that the zero
time Fourier coefficient

1 27
bo(x) = g/o b(t,x)dt

is the time average of b(¢, x).
Distinguishing the “diagonal” matrix D,

@W?L2 4 0yy —em_p,bp O . 0 0
D= 0 0 w?k? + 8,y — emibo 0 ,
0 0 0 a)2Li + 0xx —emy,bo

and the “off-diagonal Toepliz” matrix M,

0 T_r,b_1 ... T—1,b-21,

0 ... 7mbj—g

M,y

nLnszn 7L'L"b] 0

we decompose

Ly(e,v1,w) =D —eM| —eM>,

where
Dh := Lyh — ¢ P11y (bo(x) h),
Mih = P, Tl (b(t,x) h), 4.77)
Moh = PnHW(b(tsx) Owv2 [R]),

and

b(t,x) == b(t, x) — bo(x)

has zero time-average. Note that we do not decompose the term M, into diagonal
and “off-diagonal terms.”

To invert £, we first (Step 1) prove that the diagonal part D is invertible; see
Corollary 4.33. Next (Step 2) we prove that the “off-diagonal Toepliz” operators

e M| (Lemma 4.37) and e M, (Lemma 4.38) are small enough with respect to D,
yielding the invertibility of the whole of £,,.

4.5.2 Step 1: Inversion of D

In the time-Fourier basis the operator D is represented by the diagonal matrix
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D_;, 0 ...0

, 0

0
p=| 0 0D 0
0 0 0 D

where each
Dy:D(Dy) C (sinkx)* > (sinkx)*

is the Sturm-Liouville-type operator
Dyt = w*k*u + Oyyu — emy(bo(x) u).

We can diagonalize in space each Dy with respect to the scalar product (for €|bg|oo <

1)
(u,v)g := / Uxvy + ebo(x)uv dx .
0

Its associated norm is equivalent to the H'-norm
I3 (1 = lbolec ) < llul2 < Tl (1 + ¢ 1holec) (4.78)

because [ u? < [ u,Vu € H}(0, 7).

Lemma 4.29. (Sturm-Liouville) The operator —ox, + eny(bo(x) ) acting on
(sinkx)' possesses a ( , )g-orthonormal basis of eigenvectors (@k,j) j=1,j#lk With
eigenvalues

k,j = Ak, (g, 01, W) =j2 +eM(vy, w) + 0(

b
Al w @)

Ak,j = A—k,j» P—k,j = Pk.j» Where

1 [ 1
M(vl’w)Z;/O bo(x)dx=ﬁ/gb(t,x)dxdt

was defined in (4.21).

Proof. 1t is a standard fact of perturbation theory for the eigenvalues of self-adjoint
operators; see, e.g., [77]. The derivative with respect to ¢ at ¢ = 0 of an eigenvalue
Aij(e) is obtained restricting the derivative of the operators with respect to &, here
7k (bo(x) -), to the unperturbed eigenspace, here sin(jx),

2 / " sin(x)m (o) sin(jx)) = = / " sin® (jx)bo(x)
T Jo 0

T
L [r . T 150l 171
- /O (1 = cos(2jx)bo(x) = — /0 o) + o (1202,

and integrating by parts. For details see Lemma 4.1 in [26]. |

a{:/lkj (&)le=0
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Corollary 4.30. (Diagonalization of D) The operator D is the diagonal operator
diag{w?k* — Ak, j} in the basis

{cos(kt)pr,j ;0 <k <Ln,j>1,j#k}.

Imposing the “nonresonance conditions” of property (P3), we get a lower bound
for the modulus of the eigenvalues of Dy.

Lemma 4.31. (Lower bound for the eigenvalues of D) There is ¢ > 0 such that if
(e,01) € A, (w) and &g is small enough, then¥ 1 < |k| < Ly,

. 2,2 cy
o= min |k — A ;| >——>0. 4.80
= kil = k|71 (450

Moreover, ag > 1/2.

Proof. Since a_; = oy, it is sufficient to consider £ > 0. The estimate for ag is
trivial. Next we have two cases to consider.

First Case: 0 < k < % Since |w — 1| < 2¢ and k # j, we have

1 1
lwk — jl > lk—jl—lo—1k>1-2e—==.
3e 3

Therefore |w?k? — j?| = |wk — j|(wk + j) > 1/3, and by (4.79), for & small,

1 cy
272
|k —lkj|2§Z T

. . 1
(the singular sites appear only for k > 5-).

Second Case: k > % By a Taylor expansion,

b
|w2k2 — 2l “D) ‘wzk2 - j2 —eM(vy, w) + 0(—8” 3.”1{1 )‘

> ‘(a)k—,/jz+8M(1)],U)))(a)k—f—\/jz‘l-gM(Dl,w))‘

Ce
J
. M(Dlaw) 82 &
> |lwk—j—e———+0(= ( k—C=
- ‘w I 2j + (j3)w j
M@, 2k
> ‘wk—j—e(v—].w)‘wk—C’(g,—Jri)
2j VAR
y wk e’k ¢
> ———-Cl—+=), 4.81
(k+j)° (13 ]) (4.81)

since (g,v1) € A, (w).

If o := min;>q j2¢ |2k — Ak, ;| is attained at j = j(k) then |wk — j| < 1
(provided ¢ is small enough). Therefore, using | < 7 <2 and |w — 1| < 2¢, we can
derive (4.80) from (4.81). |
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Lemma 4.32. Suppose ay # 0. Then Dy is invertible and Yu = Zj;é|k| Ujpk,; €
(sinkx)+,

D~ o= > P
JAR \J1?k? = i
satisfies
iD= < —= 482)
" — Jog H '
Proof. Using that ¢y ; is an orthonormal basis for the {, ). scalar product yields
2 . . 2 12
AR S I LSRN R S
o ARl = gl AR 10k A
1 [l
<=2 lP==x
K j#Ik k
Since the norms || - || and || - || ;1 are equivalent, (4.82) follows. |

Corollary 4.33. (Estimate of |D|~'/2) If (¢, v1) € A,(w) and &g is small enough,
then D is invertible and ¥s' > 0,

H|D|—1/2h Hg < %Hh” Vhe wo. (4.83)

x/_ U,s’+T771

Proof. Since
IDI7"2h = > explik)| Dkl ™ iy,

[kl<Lpy
using (4.82) and (4.80),
2 , 2
o128 = > exp@alkn + 8107 2he]
7% K<L a
2s’ 4 2
< exp2a [k (1 + &7 ) —llAkll7
K<Ly %k
2 2y K 2
<8llhollz +C D expQo k(1 + k™) ——— A3
0<|kI=<Ly 7

c o,
< =, s
4 » T2

proving (4.83). |



104 4 Application to the Nonlinear Wave Equation
4.5.3 Step 2: Inversion of L,

To show the invertibility of £,, it is convenient to write
L, =D —eMj—eMy=|D|'/? (U —eRy — 8R2)|D|1/2,

where
U:=|D|""?D|D|”"? = |D|"'D

and
R; = D" 2 M;|DI7V?, i=1,2.

Lemma 4.34. (Estimate of |U~"||) U is invertible and ¥s' > 0,

H U-'n

= bl (14 OClboll ) Vhe W™ (484

o,s

Proof. The eigenvalues of Uy := |Dy|™! Dy are sign(w?/* — A1j) = £1 and there-
fore Uy, is invertible and

U ully = llulls,  Vu e (sinkx)* .

By (4.78),
U7 ull g1 = Nl (1 + OCellboll 1)) -

Therefore U is invertible and (4.84) holds. [ |

The estimate of the “off-diagonal” operator R requires a careful analysis of the
“small divisors.”’

Lemma 4.35. (Analysis of the small divisors) Let (¢,v1) € A, (w) and &y small.
There exists C > 0 such that ¥l # k,

21:71
| k— 177 2—
et MU where p="""c,1). (485)
T

aroy — y2gr—l
Proof. To obtain (4.85) we distinguish different cases.
e FIRST CASE: sites far away from the diagonal: |k — 1| > (1/2) [max(|k|, |l|)]ﬁ.
Then (axar)~" < Clk — 17T /32,
Estimating both ay, a; with the worst possible lower bound (4.80),

C Cc

o > ——, o > ———
ylklT=1" ylpe=t’

we obtain

S — 2(r—1) _ P
L el fmax (e P k=P

ara; ~ y2 h y?2 a y?
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The other cases to consider (sites close to the diagonal),
1 B
0<lk—1] < E[max(lkl, |l|)] , (4.86)

are the most dangerous.

We note that in this situation, sign(/) = sign(k), and to fix the ideas, we assume in
the sequel that /, £ > 0 (the estimate for &,/ < 0 is the same, since aya; = a_ra_;).
In this case, k, / > 0 are of the same order, namely

[ k
551{521 and 551521{.
Indeed, if k > [, thenk — [ < kﬁ/Z < k/2,since f < 1, and therefore k < 2/. If

k <1, thenl —k <1#/2 <1/2, whence k > 1/2.
e SECOND CASE: 0 < |k — 1| < (1/2) [max(|&|, /)]¥ and (|k| < 3= or |I] < 3).
Then (aza;)~! < C/y.
1

Suppose, for example, that 0 < k£ < 5-. We claim that if ¢ is small enough, then
ar > (k+1)/8. Indeed, Vj # k,

ok — j| = lok —k+k—j| > k= jl—lo— 1]kl > 1 -2k >

W | =

Therefore VO < k < 3—18,Vj #k,j>1,

) ) ) wk+1 k+1
@2k = 2| = lok = j| leok + j| > > =
and so
o) ‘= min ‘cozk2 — Ak,
J=Lk#] '
b
= min ‘wzkz—jz—gM(vl,w)-i—O(M)}
JzLk#] J
k+1 k+1
zi—ng%. (4.87)

Next, we estimate ;. If also 0 < [ < %, then arguing as above, oy > (/ + 1)/8 >
1/8 and therefore (aza;)~! < 64.

If/ > %, we estimate a; > cy /I~ by the lower bound (4.80), and (4.87)
implies, since / < 2k,

1 lr—l C’ kr—l C’
<C < — < —
ooy (k+1Dy =y k+1) = »

because 1 < 7 < 2.

In the remaining cases we consider
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1 8 1
k—1] < E[max(|k|, |1|)] and both [kl, 1] > 5

We have to distinguish two subcases. For this, Vk € Z, let j = j(k) > 1 be an
integer such that o := min, |a)2k2 — Al = |a)2k2 — Ak, j|. Analogously let
i = i(k) > 1 be an integer such that a; = |@?/*> — ALl

o THIRD CASE: 0 < |k—I| < (1/2) [max(|kl, |/])], k|, |I| > ~ andk—I = j —i.
Then (o)~ < C/yet™L

Indeed,
&
(wk —j) = (0l =i)| =lotk=0) =G =D =lo—1lk—1 > 3

and therefore |wk — j| > ¢/4 or |wl —i| > ¢/4. Assume for instance that |wk — j| >
g/4. Then

wk k
l*k* — j%| = |ok — j| |k + j| > e ze(l=20)7,

and so for ¢ small enough, |ay| > ek/8. Hence, estimating a; > cy /l’_1 with the
worst possible lower bound (4.80) yields

1 l’[—l c’ C’
<C < <
aroa; —  yek T ykiTe T yet-l

because / < 2k and k£ > %

o FOURTH CASE: 0 < |k — | < (1/2) [max(k,)1’, k.l > 1, and k — 1 # j —i.
Then (axo;)~! < C/y?2.

Using that w is y -z-Diophantine, we get

. . . Y Cy
wk—j)— (ol —i)| =|lwk—-0)—( =10 > >
k=) =@ =] = |ot=D= (=] 2 pEr 2 e
Crv ¥
2 7 (e +3):
so that c c
. Y . Y

Assume, for instance, the first inequality. Therefore

|k — j2| = |k — jl ok + j| > C'yk'PT = Clykt",
since f := (2 — 7)/7. Hence, for & small enough, a; > C’yk*~'/2, and estimating
o with the worst possible lower bound (4.80), we deduce

1 cre! - c’
akoy — pkt=l = 2
because / < 2k.

Collecting the estimates of all the previous cases, (4.85) follows. |
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Remark 4.36. The analysis of the small divisors in Cases II-IV of the previous
lemma corresponds, in the language of [51] and [48], to the property of “separation
of the singular sites.”

Lemma 4.37. (Bound of the off-diagonal operator R|) Assume (4.25). There ex-
ists C > 0 such that

e
< —— Al

HRm Vhew® . (4.88)

—1 — a,s+TT_1

oSt gz y

Proof. We recall that
Rih = DI~ P, Ty (b2, x) 1DIT2h)

so that for h € W,
(Rim)(t,x) = D (Rih)k(x) exp(iki)

k< Ln
with
(Rih)e = | Dl ™ i (B 117 2h)
= 1D P X bl D ] (4.89)
<Ly

Set By := ||bym (x) || ;1. From (4.89), (4.82), and since the zero time-Fourier coeffi-

cient of b is By = 0,

G0N IR %Ilhzllm. (4.90)

V1< Lo 1k

Hence, by (4.85),

=1
— Sk, where Spi= > Biylk =117 bl . (491)

H (Rih)k HHl < = .

By (4.91), setting B
S()y= > Spexp(ikr)

|k|<Ly
(with S_y = Sp)and s :=s + (r — 1)/2,

2 2s’ 2
[Rin|” = > exp otk + 1) (Rinx|
o,s' W= H!
C2 2s’ 2
W |k|ZI; exp (20|k|)(k § + I)Sk
<Ly
cr -,
ISl (4.92)
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It turns out that

where
~ —1
b(1) :=Z|1|TB,exp(izt) and () = Z i)l g1 exp(ilt) .
leZ [/|<Ly
Therefore, by (4.92) and since s” > 1/2,
c ~ c -
[Rib| < =Bl < — 1Bl s
g,s VST VST
c .
< —— 1Bl et gy (4.93)
ye T /

since [|b]l5,r < [ID]] = and |[cllg,s = [l

o,8'+
Now, since 0 < f < 1,

1Bl igtyegt < 1Bl 260 < 1B, 2em < Cy (4.94)
by (4.25). Then (4.93) and (4.94) prove (4.88). ]
The estimate of R, is derived by the regularizing property

awoati| < Cllulas (4.95)

of Proposition 4.5: by (4.83) the “loss of 7 — 1 derivatives” due to |D|~'/? applied
twice is compensated by the gain of two derivatives due to 6,,02.

Lemma 4.38. (Estimate of Ry) Assume (4.25). There exists a constant C > 0 such
that

cC ()
HthHUWT_1 S Wbl et VR,
Proof. Using that 7 < 3 to get (4.96), we have
“4.83 (C
Hth , =< ) —H./\/l2|D|_1/2h
0,5+ ﬁ os+1—1
C
- = ‘P,,HW(b 6w02[|D|_1/2h])
ﬁ o,5+7—1
< Wbl et |0 101712]
= ﬁ o,5+T— w ostr—1
C’ 1/2
< = Wbllssomt[ouaIDIR]| @96
@95 C _
< — Iblloste—1 [IDI7R
ﬁ 0,8
(4.83) CC]
< ==l et s

4
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since [|blg,s4+c-1 < ||b||g’s+2z2<z7—11 < Cy by (4.94). L]

Proof of property (P3) completed. By Lemma 4.34 the operator U is invertible in
X, o0 o, and by Lemmas 4.37 and 4.38, provided ¢ is small enough,

v v

1
, < —.
L(Xo54(z-1)/2) LXssr-12) 4

Therefore also
U—c¢Ri—eRa: X s+l —>X

has a bounded inverse:

H (U—-eR1—eR2)™

L= |U = U R = eUT Ry U
s+

< 2||U-1h||m+, 1< Cllhlly e - (4.97)
We finally deduce
Hﬁ; H|D|‘1/2(U —¢Ri — eRa)~ DI V2h
ag,s g,s
“4.83) C

< —H(U—eRl—st)—HDr”zh ,
0‘,S+TT

4. 97) C’ _ 4. 83) c”
H|D| REY 1 I - Mhllosot

0,5+~

"

c _
T(Ln)f Hinlls

IA

because & € W) This completes the proof of property (P3). ]
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Forced Vibrations

We discuss in this chapter the problem of forced vibrations: we look for nontrivial
periodic solutions of the equation

U — Uxx :Sf(t,x,u), (51)
ut,0)=u(t,7)=0,
where the nonlinearity is 7'-periodic in time:
F+T,x,u) = f(t,x,u). (5.2)

We look for T -periodic solutions.

It is clear that the bifurcation problem will be drastically different according to
whether the forcing frequency w := 2z /T satisfies either

() weQ
or
(i) @ € R\ Q.

This second case (if) leads to a small-divisor problem similar to the one discussed
in the previous chapters. Some existence results in this direction have been obtained
in [107] (for w given and ¢ small enough) and, more recently, in [62] and [12] also
for e = | and w large (rapid vibrations).

We shall now be concerned with the case that the forcing frequency w is a rational
number, i.e., with case (7).
5.1 The Forcing Frequency o € Q

For simplicity of exposition we shall assume

T=2, e, o=1, (5.3)
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and so we look for nontrivial 2z -periodic solutions of (5.1).

The spectrum of the D’Alembert operator in the space of 2z -periodic in time
functions with spatial Dirichlet boundary conditions is

a(&,t—axx)z{—12+j2|leZ,jeN}CZ, (5.4)

and it is therefore formed by integers.

Zero is an eigenvalue of infinite multiplicity (when |/| = ), but the spectrum is
NOT dense in R, and in particular, the other eigenvalues are well separated from 0
if || # j. This is the big difference with respect to case (ii) when w is an irrational
number.

For these reasons the main difficulty for proving existence of periodic solutions
of (5.1) in case (i) does not lie in solving the range equation, but in solving the bifur-
cation equation, which has an intrinsic lack of compactness (see Remark 5.8).

The first breakthrough regarding problem (5.1)—(5.3) was achieved by Rabi-
nowitz in [114], where, using methods inspired by the theory of elliptic regular-
ity, existence and regularity of solutions was proved for nonlinearities satisfying the
strong monotonicity assumption

@uf)t,x,u) = B> 0. (5.5)

Theorem 5.1. (Rabinowitz [114]) Let f € C* satisfy (5.2), (5.3), (5.5). Then Ve
small enough, there exists a 21t -periodic solution u € H* of (5.1).

Other existence results of weak and classical solutions have been obtained, still
for strongly monotone nonlinearities, in [89], [55], [43].

Subsequently, Rabinowitz [115] was able to prove existence of weak solutions
(actually a continuum branch) for a class of weakly monotone nonlinearities such as

Sx,u) =u? 4+ Gt x,u),

where
G(t,x,uz) > G(t,x,uy) if wux >uy.

The weak solutions obtained in [115] are only continuous functions. In general, more
regularity is not expected: Brezis and Nirenberg [43] proved—but only for strictly
monotone nonlinearities—that any 2z -periodic L *°-solution of (5.1) is smooth, even
in the nonperturbative case ¢ = 1, whenever the nonlinearity f is smooth (remark
the difference with the autonomous case discussed in the previous chapter where ac-
tually analytic solutions were found).

The monotonicity assumption (strong or weak) on the nonlinearity is the key
property in [114]-[115] for overcoming the lack of compactness in the infinite-
dimensional bifurcation equation; see Section 5.3.

On the other hand, little is known about existence and regularity of solutions
without the monotonicity of f.
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The first existence results of weak solutions for nonmonotone forcing terms were
obtained by Willem [131], Hofer [71], and Coron [47] for nonlinearities like

St x,u) =gu) + h(t,x),

where g(u) satisfies suitable linear growth conditions and ¢ = 1 (nonperturbative
case).

Existence of weak solutions is proved, in [131], [71], for a set of 4 dense in
L?, although explicit criteria that characterize such / are not provided. The infinite-
dimensional bifurcation problem is overcome by assuming nonresonance hypotheses
between the asymptotic behavior of g(u) and the spectrum of the D’ Alembert oper-
ator.

On the other hand, Coron [47] finds weak solutions assuming the additional sym-
metry (¢, x) = h(t + =, 7 — x) and restricting to the space of functions satisfying
u(t,x) = u(t+r, = —x), where the kernel of the D’ Alembert operator reduces to 0.

5.1. Exercise: Prove the following statement: the unique solution of the linear
homogeneous wave equation (2.8) satisfying the symmetry condition

u(t,x)=u(t+n, 7 —x) (5.6)
isu=0.

More recently, existence results of periodic solutions for concave and convex
nonlinearities have been obtained in [17].

In [21]-[22] existence and regularity of solutions of (5.1) have been proved for a
large class of nonmonotone forcing terms f'(¢, x, u), including, for example,

F@t,x,u) = +u™ 4+ h(t, x)

and 2 > 0; see Section 5.4.

In this chapter we first prove the Rabinowitz theorem, Theorem 5.1; see Section
5.2. Next we prove some existence results of forced vibrations for nonmonotone
nonlinearities extracted from [22].

5.2 The Variational Lyapunov—Schmidt Reduction

In view of the variational argument that we shall use to solve the bifurcation equation,
we look for solutions
u:Q:=Tx 0,7) > R

of (5.1) in the Banach space
E:=H'@QnCc* (@,

where H'(Q) is the usual Sobolev space and C(l)/ 2 (Q) is the space of all the 1/2-
Holder continuous functions u: Q — R satisfying



114 5 Forced Vibrations
u(t,0) =u(t,7) =0
endowed with norm
Nl = el 1y + Ntll iy »
where
Il 31 gy = Nl Ga ) + MuxllZ o gy + luel72 g

and

t) - t N
lullcr2q) = lullcoy +  sup lut, x) — ult xl)l|/2 .
(0 (=t +1x —x1])

Remark 5.2. The choice of the space £ is motivated by the regularizing property of
the inverse of the D’ Alembert operator proved in Lemma 5.4.

Critical points of the Lagrangian action functional ¥ € C!(E, R),

w? o u?
Y(u) :=Y(u,e) ::/ L X 4 eF(t,x,u)|dedx,
53 ]

where

F(t,xu) = /0 1%, e,

are weak solutions of (5.1).

For ¢ = 0, the critical points of ¥ in E reduce to the solutions of the linear
equation (2.8) and form the space

V:=NNnH Q) CE, (5.7)
where

N = {v(t,x) =0(t+x)—0@ —x)=04(,x) —v-(t,x)

27
such that & € L?(T) and / 0(s) ds = 0}
0

is the L2-closure of the classical solutions of the linear equation (2.8).
We have V' C E because any function & € H'(T) is 1/2-Holder continuous.

Remark 5.3. The only difference between the space V' introduced in (2.14) with re-
spect to V" defined in (5.7) is that the functions v in (2.14) are not necessarily even in
time. For notational convenience we denote these spaces in the same way.

Decompose
E=Vew,

where
W:=N*NE

and
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Nt = {heLz(Q)l /hv:O, VUEN}
Q
- {h = > e singx with B2, = 22> by < oo}.
J=1j#

Projecting (5.1), foru = v + w witho € V, w € W, yields

0=TIIy f(v + w) bifurcation equation,
Wy — wyx =elly1 f(0 4+ w) range equation,

where ITy and IT,. are the projectors from L?(Q) onto N and N+, and f'(u) de-

notes the Nemitski operator induced on £ by the nonlinearity

f)(t,x) = f(t,x,u).

In case the nonlinearity is strictly monotone, the usual approach of [114], [55],
and [6] is to solve first the bifurcation equation, finding its unique solution v = v (w),
and next, to solve the range equation.

In contrast, for a nonmonotone nonlinearity the bifurcation equation can ot in
general be solved uniquely (see Remark 5.15). Therefore, we solve first the range
equation and thereafter the bifurcation equation.

In the case of monotone f* this approach also makes some technical aspect of the
proof easier than in [114].

5.2.1 The Range Equation

We first study the invertibility properties of the D’ Alembert operator U := 0;; — Oy
restricted to N*.

Lemma 5.4. The inverse of the D’Alembert operator 0~': Nt — W defined by
fij

-1 r._ it oo . 1
olf= Z Ty ac ST VfenNt, (5.8)
J=1,j#l|
is a bounded operator, i.e., satisfies
o], = cisie (5.9)

for a suitable positive constant C.

Proof. Let h := [~ f. For any fixed x € (0, 7) we have

6,h(~,X)

2
_ 2 2
LZ(T)_ZE E I\ ()|, (5.10)
1eZ.

where
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hi(x) = Z ZZfJ sin jx
J#I
satisfies
2 |f1 2 1
A J#Ill J#Ill
by Cauchy—Schwarz. By (5.10)—(5.11),

Z(Zlﬁ; )(Zl_—zlzlz) (5.12)

K
1eZ " j# J#

Now
/ 1 1

-2 2G-0 2G+D°

whence for any /,

1 1 X
Zz_ 53 < 2, e T Sl =M
F L = () 1) G+D> " =
and by (5.12),
& M2 1Sl ||f||L2(Q). (5.13)

1eZ. j#

As a consequence, for any fixed x, by the Holder inequality,
r 5 1/2
e —h ) = ([ 1aheora) V=T
t
(5.13)
< MV2 N fll /I =1 (5.14)

and A4 (-, x) is 1/2-Holder continuous, uniformly in x.
Similarly, for any fixed ¢,

8x()

Lo ) ||f|ILz(Q) (5.15)

and so
Ih(t,x') = h(t, )| < J_IIfIILZ(g)JIx — | (5.16)
uniformly in ¢. By (5.14) and (5.16) we deduce
IAllciz@y < ClfIl2,
and integrating (5.13) and (5.15) we also get
1817 2 gy 10xh12 ) < CILA 172y »

implying (5.9). [ ]
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Remark 5.5. The previous lemma could also be proved via the integral representation
formula for 0! given in [89]:

Ly, LTt (T —x)
O f__i/x/t f(&, 1) drdé + ¢ —. (5.17)

+x—=¢

where

—¢

1 T t+< 1 T 4
c::—/ f(g“,r)drdfs—/ f(&, t)dr dé = const
2Jo Ji 2 Jo J¢

is a constant independent of ¢ (because f € N1).
Using (5.17), it follows that (™! is a bounded operator also between the spaces

HYQ) — HY(Q), Q) — Q). (5.18)
Fixed points w € W of
w=¢e0 " My f 0+ w)

are solutions of the range equation.

Applying the contraction mapping theorem as in Lemma 2.11 we have the fol-
lowing lemma:

Lemma 5.6. (Solution of the range equation) VR > 0, 3&9(R) > 0, Co(R) > 0,
such that
Vel < eo(R) and Yo e N with ||v| = < 2R

there exists a unique solution w(e, v) € W of the range equation satisfying
lw(e, v)lle < Co(R)le]. (5.19)
Moreover, the map (e, v) = w(e,v) is C'({||vllz~ < 2R}, W).

5.2. Exercise: Prove the existence, for ¢ small enough, of a unique 2z -periodic
solution in £ of

g — ey = &(f () + cos(2t) sin(x)) ,
u(t,0) =u(t,z)=0.
5.2.2 The Bifurcation Equation

Once the range equation has been solved by w(e, v) € W, there remains the infinite-
dimensional bifurcation equation

My f(0 +w(e,0)) =0,

which is equivalent, since ¥ is dense in N with the L?-norm, to
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/ f+w(E,0)p =0 Voel. (5.20)
Q

By the variational Lyapunov—Schmidt reduction (see the same arguments in Section
2.3), (5.20) is the Euler—Lagrange equation of the reduced Lagrangian action func-
tional

O: {||v||H1 < 2R} SR

defined by
D) = D(e,0) =Y+ wl,v),é),

which can be written (as in (2.29) with w = 1) as
1
D) = 8/ [F(v + w(e,v)) — Ef(v + w(e, v))w(e, v)] dedx . (5.21)
Q
Lemma 5.7. The following continuity property holds:

lonllgrs I0llgn < R, vp — 0 = @(vy) — PO). (5.22)

Proof. Setting w,, := w(e, v,) and w := w(e, 0), we have

/F(un+wn)—F(6+a)) < max If(t,x,u)I/ (0w — 5 + g — ]
Q } Q

Qx{ul<R+1

< CR)(Iow = llp1 + g = Blp1) — 0

as n — oo, by the fact that ||jv, — 0|z~ — 0 and therefore, by Lemma 5.6,
lw(e,v,) — w(e,v)|]|[g — 0. An analogous estimate holds for the second term in
the integral (5.21). u

The functional @ lacks compactness properties, and to find its critical points we
cannot rely on critical point theory.

Remark 5.8. In the corresponding reduced Lagrangian action functional in (2.29) for
the autonomous case, it is the “elliptic” term ||o ||§1] that introduces compactness in
the problem, allowing one to find mountain-pass critical points.

In the case that f is strictly monotone, it is natural to try to minimize @, because
F is strictly convex in u.

However, we do not apply the direct methods of the calculus of variations (see
Appendix B.2) because without assuming any growth condition on the nonlinearity
£, the functional @ could not be well defined on any L”-space.

Following [114] we make a constrained minimization:

I Since lollpe @) < ||v||H1(Q), the functional @ (v) is well defined for any ”””Hl(Q) <2R
by Lemma 5.6.
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Lemma 5.9. VR > 0, the functional ® attains a minimum in
Br = {v eV, ol < R}.

Proof. Let v, € By be a minimizing sequence ®(v,) — infBR ®. Since v, is
Hl
bounded in V', up to a subsequence v, — 0, and by the compact embedding (2.15),

vy if> o. Therefore by (5.22), & is a minimum point of ® restricted to By. |
Since & could belong to the boundary 6 Bz, we only have the variational inequal-
ity
DG 9] = | fG+ w0 <0 (523)
for any admissible variation ¢ € V, namely for any ¢ € V such that

v+0peBr, VO <0

sufficiently small; see Figure 5.1.
A sufficient condition for ¢ € ¥ to be an admissible variation is

0, @) >0 (5.24)
because

15+ 00131 = 1513, +206, $) 1 + 021612,
< R2 42005, ¢) i1 + 0211912, < R

for # < 0 small enough.

The heart of the existence proof of Theorem 5.1 is to obtain, choosing suitable
admissible variations, the a priori estimate ||| ;1 < R, for some R, > 0 (indepen-
dent of ¢), i.e., to show that v is an inner minimum point of @ in Bp, .

It is here where the monotonicity plays a role.

5.3 Monotone f

In the sequel x; will denote positive constants independent of ¢ (possibly depending
on the nonlinearity).

5.3.1 Step 1: the L>° Estimate

Using the variational inequality (5.23) and (5.19),
[ 160 = [ 1G+ueos+ [ /6= fG+weie 629
Q Q Q

¢2 /Q LFG) = G+ we.o)]d 2 elCIR)Il, -
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Fig. 5.1. The variational inequality.

where C|(-) is a suitable increasing function depending on f.
Then there exists a decreasing function 0 < &1(-) < go(-) such that

[r@e<ions for i< o,
We now choose

¢ =q(04) —q@-) =q@+x)—q@t—x) eV,

where
0, if A<M,
q() i =quA) = A=-M, if 1>M,
A+M, if A<M,

and?

1 -
M = —||v]|| 1 .
> 101l Loo(Ty
We can assume M > 0, i.e., 0 is not identically zero.
Lemma 5.10. ([114]) ¢ € V is an admissible variation and
o(t,x)p(t,x) >0, V(t,x) e Q.

Proof By Lemma 2.20, for p, g € L'(T),

1 2 2
/p(t-l—x)q(t —x)drdx = E/ p(s)ds q(s)ds.
Q 0 0

2 Note that |5l ooty < llolloo(@) < 20181l ooy, Yo € N N L.

(5.26)

(5.27)

(5.28)

(5.29)
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Using repeatedly (5.29) and since 0 has zero average,

0, 9) i = (04 —0—,q(04) —q@-)) i = /£25+61(5+) +0-q(-)

121

+2 [ @067+ 612]

>0

because ¢’ > 0 and v+q(0+) > 0 on a set of positive measure, since ¢ is a monotone

odd function and by our choice of M.
Finally, since ¢ is a monotone function,

0 = (04 —0-)(q(04) —¢q(®-)) 20,

proving (5.28).

We now estimate from below the left-hand side in (5.25). By the mean value

theorem, the strong monotonicity assumption (5.5), and (5.28),

/ f@)p = / [ £(t,x,0) + fo(intermediate point)5]¢
Q Q

z/gf(t,x,o)¢>+ﬁ/95¢,

whence

ﬂ/gﬁcb < /Qlf(t,x,0)||¢|+/gf(5)¢

(5.26)
< max|f(t,x, 0l + Il :=rxillpllpr -

Now, since » has zero average, using (5.29) and again Lemma 2.20,

2w
/ 56 = / 5eq(op) +o-q) % x / 5(5)q (B (s)) ds
Q Q 0
> 7 Mllg@)llziery -
since Aq(4) > M|q(A)|. Next,
/Q|¢| §/Q|q<u+)|+|q<u_)| 2 22 lg Bl

and (5.31)~(5.32) imply

(5.27)

_ 1 I _
/QD¢ > §M||¢|IL1 = ZIIUIILMIWIIL] .
By (5.30) and (5.33) we finally deduce

4
15| o0 571 for |e| < e1(R).

(5.30)

(5.31)

(5.32)

(5.33)

(5.34)
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5.3.2 Step 2: the H! Estimate

The H' estimate is carried out by inserting in the variational inequality (5.23) the
variation

¢ :=—D_yDyv,
where

(Dy )(t, x) == S +h,xz — f(t,x)

is the difference quotient with respect to 7. Note that ¢ is admissible because

(=D_p Dy, 0) 1 = (Dyd, Dpd) g > 0

by the formula for integration by parts

/ F(D_yg) = — / (Drf)g . VigelXQ). (5.35)
Q Q

We shall use the following technical lemma.

Lemma 5.11. Let f € L*(Q) have a weak derivative f; € L*(Q). Then

1Dn fll 2y < il 22 (5.36)

and ,
DifS fi oas h—>o0. (5.37)

Proof. To prove (5.36) assume temporarily that f is smooth. From the fundamental
theorem of calculus,

f@&+h,x)— f(t,x)
h

1
(Dyf)(t,x) = =/0 £t + hs,x) ds |

By the Cauchy—Schwarz inequality, Fubini’s theorem, and periodicity,

T 271' 1 2
/thf(t,x)lzdtdxz/ / / ft(t-i-hs,x)ds‘ dr dx
Q 0 0 0
T 2r 1
g/ / / | fi(¢ + hs, x)|? ds dr dx
0 0 0
T 1 2
:/ / / | fi(¢ + hs, x)|* dr ds dx
0 0 0
T 1 2
=/ / / | /i (£, x)|? dr ds dx
0 0 0

1 T 2
2 2
=/0/0/0 it 0 dr dvds = 1 fil2a g -

Inequality (5.36) is valid for any f having a weak derivative f; € L?(Q) by approx-
imation.
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Proof of (5.37). We first show the weak L?-convergence. Let ¢ € C'(Q). By (5.35)
and the Lebesgue dominated convergence theorem,

!Lwﬁw=—AfW%@t§—Af@=Aﬁ% (5.38)

since f has a weak derivative f;.
Since by (5.36), Dy, f is bounded in L2, and (5.38) holds in the dense subset

2
Cl(Q) c L*(Q), we conclude that Dj, f N fi.
By the weak lower semicontinuity of the norm and (5.36),

. (5.36)
1fill 2 < iminf Dy [l 2@ < 1fill2g) »

implying
tim | D5 120y = /il 2@ - (5.39)

2
The weak convergence Dy, f = f+ and (5.39) imply the strong convergence (5.37). H

By the variational inequality (5.23), setting v := w(¢, v),
(5.23) o
02" [ G+ o)
Q
€2 / Dy f (& + ®) Dy
Q
h -0\ -
:;0 / 8,(f(v + w))u,
Q
— /Q(ﬁ(5+a))+fu(5+a))(5t +a)t))5,, (5.40)

where we have applied Lemma 5.11 (since 5 € H' and @ € E).
By (5.40), using the L°°-estimate (5.34) for o (which is independent of R) and
(5.19), we derive

[+ 05 < | [ (#G+D+ 46 +0)0)5] < xlols 64D

for || < &2(R) < &1(R).
By the strong monotonicity assumption f,, > S > 0,

/ﬂ@+@ﬁ2/ﬁﬁ,
Q Q
implying, from (5.41), ||[o]l;2 < k2/p and, in conclusion,

ol <xs3, Vle] < e2(R).
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Proof of Theorem 5.1 completed. Take
R, :=x3 and ¢, :=&(R,).

Therefore, V |¢| < &, ,
o)l < R

is an interior minimum point of ® in B, := {||v]l ;1 < R«} and
u:=0()+wevE)) ek

is a weak solution of (5.1).

Using similar techniques (inspired by regularity theory), inserting suitable varia-
tions in the Euler—Lagrange equation

/f(5+w(8,6))¢=0, Vopel,
Q

and exploiting the regularizing property (5.18) of J~!, one could obtain L> and
H' estimates for the higher-order derivatives of # and w(e, 0), proving the higher
regularity of the solution u; see [114] and [22].

We leave as an exercise the proof of the uniqueness of the solution u (in a ball
of fixed radius independent of ¢), which is a consequence of the monotonicity of f
with respect to u. [ ]

5.4 Nonmonotone f

In this section we prove the following existence theorem of forced vibrations of (5.1)
for nonmonotone nonlinearities.

Theorem 5.12. ([22]) Let
F@t, x,u)=u?+h@t,x), (5.42)

where h € Nt satisfies h(t,x) > 0 (or h(t, x) < 0) a.e. in Q.

(i) (Existence) For all ¢ small enough, there exists at least one weak solutionu € E
of (5.1) with |[ullg < Clel.

(ii) (Regularity) [fh € H/(Q)NC/=(Q), j > 1, thenu € HI*'(Q) N CJ ().

Theorem 5.12 is a corollary of a more general result, which holds for nonmono-
tone nonlinearities such as, for example,

+(sinx) u?f + h(t, x),

t’ b =
f( X u) liu2k+u2k+]+h(t,)€),

and also without any growth condition for f; see Theorems 1, 2 in [21], [22].
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Remark 5.13. The hypothesis # > 0 enables us to prove the existence of a minimum
of the reduced-action functional ®.

Remark 5.14. The assumption 7 € N+ is not of a technical nature: if # ¢ N*,
periodic solutions of (5.1) do not exist in any fixed ball {|lu#|z~ < R} for & small.
Indeed, let u := u, = v, + w,, v, € V, w, € W, be a weak solution of (5.1) with
llugllLo < R. Since w, satisfies the range equation w, = 8|:|_1HNL (ugk + h), then
llwellze < C(R)|e|. Moreover, Iy ((v; + w)* + h) = 0, and since HNvf,k =0
by Lemma 2.18,

HHNh

L= [+ 0% =029

-0
L2

as ||wg||zoc — 0. Therefore [Iyh =0and h € N-*.

Remark 5.15. (Multiplicity) For nonmonotone nonlinearities f, uniqueness of the
solutions is NOT expected. For example, let f be as in (5.42) and %(f,x) =
—(vo(t, x))* for some vg € ¥ \ {0}. By Lemma 2.18, » € N-. Equation (5.1)
possesses, beyond the e-small solution u of Theorem 5.12, also the other two (not
small) solutions 4.

The difficulty in dealing with nonmonotone nonlinearities is well highlighted for
nonlinearities f as in (5.42). In this case the variational inequality (5.23) vanishes
identically for ¢ = 0, because

/Q(Ezk—l—h(t,x))¢¢0, VheV,

by Lemma 2.18 and 4 € Nt
Therefore, for deriving, if possible, the required a priori estimates, we have to
develop the variational inequality (5.23) at higher orders in €.

Perform in (5.1) with /" = u?* + h the change of variables

u—e(H+u), (5.43)
where H is a weak solution of
Htt — lHlxx = h 5
H(t,0)=H(t,m) =0, (5.44)

H(t+2m,x) = H(t,x),
and since # > 0 in Q, we can always choose
H({,x)>0, V({,x)eQ,

by the “maximum principle” theorem proved in Section 5.4.4.
Therefore (renaming £ — &) we look for solutions of
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Uy —uyy =ef (6, x,u),
u(t,0) =u(t,7)=0,
u(t +2m,x) =ul(t,x),

where the nonlinear forcing term is now (still called f')
St xu) = (H +u)*.

Implementing a variational Lyapunov—Schmidt reduction as in Section 5.2, we obtain
the existence of a constrained minimum v € Bp, where the variational inequality

/ (H+70+w(e,5)) ¢ <0 (5.45)
Q

is satisfied for any admissible variation ¢ € V.

As in Section 5.3, the required a priori estimate for the A'-norm of & is proved
in several steps by inserting into the variational inequality (5.45) suitable admissible
variations. We shall derive first an L?*-estimate for & (it is needed at least when
k > 2), next, an L estimate, and, finally, the H I estimate.

We shall carry out the proof only for the more difficult case £ > 2.

The following key “coercivity” estimate will be heavily exploited.

Lemma 5.16. (Coercivity estimate) Ler B € C(Q) with B > 0in Q. ThenV v €

N N L),
/ Bv** > ci(B) / o2k, (5.46)
Q Q
where | |
B):= —minB > 0, = 5.47
ck(B) = 7 ml? > = I 20 (5.47)
and

Q, =Tx (anr,m —ar) CQ.

The inequality (5.46) is not trivial because B can vanish at the boundary of 0Q
(ie., B(t,0) = B(t, =) = 0). It holds because v (¢, x) = 0(t + x)— 0(t — x) is the
linear superposition of two traveling waves that “spend a lot of time” far from the
boundary x =0, x = 7.

Lemma 5.16 is a consequence of several lemmas.

Lemma 5.17. For p,q € L'(T),

/ pt+x)g(t —x)dtdx

o

1 [2« 21 1 [2am 2n
=5 [ roes [Cawa—3 [ [T poneende s

2 0 —2am
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and

/p(t+x)dtdx=/ p(t —x)dedx
Qq Q,

2m
=x(l-— 2a)/0 p(s)ds. (5.49)

For f, g: R — R continuous,
/Q F(p(t +x)g(p(t —x))dt dx

- /Q F(p(t = x)g(p(t +x)) di dr, (5.50)

andVa,b € R,
(a —b)** > a® + b — 2k (@™ b + ab®* ). (5.51)

Proof. By the periodicity in ¢,
/ p(t+x)q(t—x)dtdx=/~ p(t+x)g(t —x)drdx,
Q, Qq

where ﬁa =f{ar <x <m(l —a),—x <t < —x + 2x}. Under the change of
variables s+ (=t + x, s_ :=t — x, the domain Q,, transforms into

{0 <sy <27, 54 —2x(1 —a) <s- <s+—27ra},
and therefore

/ p(t+x)g(t —x)dedx

a / " sy pls) / T oy as

2 +sy++2am
S++2arm

1

-5 " g5 plos) ( /O g(s)ds — gls-)ds.)

2

=§/02”p(s)ds /Mq(s)ds

——/zndS+P(S+)/2M q(s++2)dz,

and we obtain (5.48) by Tonelli’s theorem (calling s = y).

Formula (5.49) follows by (5.48) settingg = 1 .

Since the change of variables (¢,x) +— (¢, 7 — x) leaves the domain Q, un-
changed, then using the periodicity of p,

sy —2am
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/Q St +x)g(plt — x)) de dx

- /Q F(plt + 1 —x)g(p(t — 7 +x)) dr dx

T—on 27
=/ ; fpt+7m —x)g(p(t+x +x))dedx

T

T—an 2
= [ [ s =g+ oy aras,

T

proving (5.50). For the elementary inequality (5.51) we refer to [22]. [ |
Lemma 5.18. Let v € N N L*(Q). Then

27
/ vk < 4k / o2k (5.52)
Q 0

2 2
/ 2k > 2n[1 —23 +2k)a]/ 5% > n/ p2k (5.53)
Q, 0 0

if0 <o < 1/4(1 4 2k).

and

Proof. The convexity inequality
(a—b)** <221k + p**), Va,beR,

yields

/UZk :/(v+ S S22k—l/ 5%t +x) + 5% (t — x) .
Q Q Q

which, using Lemma 2.20, proves (5.52).
Using (5.51), (5.49), and (5.50),

(5.51)
/DZkZ/ 0y — vy O3 / 2%k —2k/ %ty gy 2]
Qq

=2r(l — 2a)/ - 4k/ 0Ty (5.54)
By (5.48) and since 0 has zero average,
2w 2n
/ vik_lv_ ‘ = 21 (1)o(y + z) dy dz
Q, —2ra JO
2w 2 Iy
<5 [ [ hwP e e e. 659
2o J0

By Holder’s inequality with p := 2k/(2k — 1) and q := 2k,
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2U—1 1

2 27 T2k 2 2%
/ |ﬁcy)|2"—1|ﬁcy+z)|dys(/ |ﬁ<y>|2kdy) (/ |ﬁ<y+z)|2kdy)
0 0 0
2
=/0 0P dy,

where in the equality we have used the periodicity of 0. Inserting the last inequality
in (5.55) yields

27
/ vty | < 27ra/ 16O 1* dy . (5.56)
Q, 0
Inserting (5.56) in (5.54) gives us (5.53). [ |

Proof of Lemma 5.16. Since B > 0 in Q and using Lemma 5.18,

_ (5.53) ) (552 1 .
/BDZk zmlnB/ 02k > nmmB/ 2k > —mmB/ vk
Q o Q o 0 4k g Q

Qg ay Qg Q

5.4.1 Step 1: the L2 Estimate

Insert ¢ := 0 in the variational inequality (5.45). Note that ¢ is an admissible varia-
tion, since
(0,¢) i = 5117, > 0.
Using the variational inequality (5.45), setting w := w(e, v),
/(5+H)2k5 - /(5+H+J))2k5+/ [(13+H)2k—(13+d)+H)2"]5
Q Q Q

(5;5) /Q [(5 + B G+ o +H)2k] B

(5.19) _
< lelCi(®) ol <1 (5.57)

for |¢] < &1(R), where 0 < &1(+) < &o(+).
Since [, 5%#*1 = 0 by (2.48), and using Lemma 5.16,

(5.57)
18 /(5 +H G = / [(5 +H)* - 52k]5 (5.58)
Q Q
2k—2 2%
= / 2kH* + D ( . )5!’“1{2’“—1
Q j=0 \J
(5.46) _ _ _ _
> 2ker (H)135 — kil 125 = reallil e

where cx(H) > 0 is defined in (5.47) (recall that H > 0), and we have used the
Holder inequality to estimate [|0]|;; < Cjkllollz2 (i <2k —1).
Then (5.58) implies

ol 2¢ < K3 for le] <er1(R). (5.59)
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5.4.2 Step 2: the L°° Estimate

Let ¢ be the same admissible variation as in Section 5.3.1.
Using the variational inequality (5.45), setting v := w(e, »)

/Q(5+H)2k¢ = /Q(5+H+@)2k¢>+/g[(5+m2k—(5+us+H)2k]¢
(545)/ [( + H)* — (5+d)+H)2"]¢

I€IC2(R)II¢>||L1 < ol

(5.60)
for |e| < &2(R), where 0 < &2(-) < ¢1(-).
Now, using that [, 5%¢ = 0 by Lemma 2.18,
(5.60) _ _ _
o1 2 [@+ i = [ [+ ¥ -]y
Q Q
> [ 2kHP = (P2 + )1l
which implies, since
/ Hi% 1 > ks pis2k=1
Q Q4
(because v¢p > 0 and ming, , H > 0), that
/ 7 < we(I0175G) + 1)l g
Q4
(5.32) _ 2
< (18175 + Dllg@,iery - (5.61)

We have to give a lower bound for the positive integral

/ g = [ Gt = / (0) (4 — )22,
Qi/4 Qi /4

Using (5.51),

/ 5214 2/ U¢[ 522 k= Do 3)]
Q4 Qi
=2k—1 -2k—1 -2k—2 -~ =2k—2 -
= 2‘/Q VY gy — vy g-+0y Tv_g- — v Tv-q4
1/4

+ k- 2)[ 52525 gy + 5% %5 q_

~2k—3 -2 ~2k—3 -2
-0l 0l g- + oy Dq+]
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>2 / o2 1g, (5.62)
Q4

—2/ 02 g+ @k — D)o 2o_qy (5.63)
Q4

+ 2k — 23524, (5.64)

where in the equality we have used (5.50) and in the last inequality the fact that

044+, 0—q— > 0 (since Ag(1) > 0), and so 02k 25_ q- k 363q+ > 0.

The dominant term (5.62) is estimated by

2n
Ry (5.49 2 A A
2/ vik 1q+ =)27r(1 — Z)/ 021 (s)g (0 (s))ds
Q14 0

> aM* g@)lpny (5.65)

because 12K~1g (1) = M2=T14(M)|.
The three terms in (5.63)—(5.64) are estimated by

2/ 521g
Q4
f— -
2/ ( ) 2q+) B
Q4

<2/\ ! g1 < 151357 oyl D)y

< 102l 11191 1y

< @M 2lg@)ll 1y Ioll iy »

and

< 10 102 g @) 1 eny

2/ 52k 3( 24 )
Q4
< @M 01752 gy lg ) 1y -

By the previous inequalities, (5.65), Holder inequality,’ and using the L?*-estimate
(5.59) for o,

/g %7l > a M*THig @)l 1y — 72 + Dllg@)lp1ry - (5:66)
1/4

By (5.61) and (5.66),

A

Mg @)l < s (1913558, + M*2+ 1) lg @)l
K9(M2k_2 + 1)||Q(3)||L1(T),

and finally M>~! < ko(M?*=2 41). By our choice of M := % ||| 1oo(r) (see (5.27))
the L*°-estimate follows:

IN

ol < K10 for |e] < e2(R). (5.67)

3 To estimate [[0]] ¢y < Cjxllvll 2y for j < 2k.
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5.4.3 Step 3: The H! Estimate

Inserting the admissible variation ¢ = —D_j, Dy, in the variational inequality (5.45)
yields

(5.45) - N2k
Il = 13H+v+w)¢
539 / Dy(H + 5+ )* Dy 3 / [ +5+ @] 5 (568)
Q Q !

ash — 0 since &, [(H + 0 + w)*] e L.
Since ||w]lg < Co(R)|e|, by (5.67) and the Cauchy—Schwarz inequality,

/ [ +5+2)"] 5 =2k/ (H + 5+ )" (H, + 6, + )
Q Q
EMA@+HW”¥—MWM@—MWMW,

and by (5.68),

A®+HW”f§mﬂmm+dm@ﬁp (5.69)
Since #,9; € N, then [,9%*~!3? = 0 by Lemma 2.18 and using the elementary
inequality*
(a—i—b)Zk_l — g?k-1 241_kb2k_1, VaeR, b>0,
gives

/(5 +H)2k—15t2 :/ [(5 + 1)k _52k—1:|5t2
Q Q
> 4“"/ H*= 152 > 41_kc1(H2k_1)/ o2, (5.70)
Q Q
where ¢ (-) was defined in (5.47). By (5.69) and (5.70),
15025 < isllell 2 + oD 51125
and we finally deduce that there exists 0 < &3(R) < &2(R) such that

0l g1 < K14 Vel < e3(R). u

4 Dividing by 5#*)~! and setting x := a/b, we have to prove f(x) := (x 4 1)2k=1— x2k=1 >

41=kF yx e R. An elementary calculation shows that x = —1/2 is the unique minimum
point of f(x) and f(—1/2) = 417k,



5.4 Nonmonotone f 133
Proof of Theorem 5.12 completed. Take

R. :=k14 and &, :=¢e3(Ry).

Therefore
lo@lg <R Vel < e
is an interior minimum of ® in Br, = {||v|l;1 < R.}. Recalling the change of
variables (5.43),
u = a(H + 0(e) + w(e, 13(82k))) ek
is a weak solution of (5.1) with f = u? + h. |

We shall not prove the higher regularity of the solution. In view of the regularity
result of [43]—which holds just for strictly monotone nonlinearities—it is somewhat
surprising that the weak solution « of Theorem 5.12 is actually smooth.

5.4.4 The “Maximum Principle”

Theorem 5.19. ([22]) Let h € N+, h > 0 a.e. in Q. Then there exists a weak
solution H € E of (5.44) satisfying H > 0. In particular,

1 fx ptex+e 1 [x pi+x—=<
H(t’x):=§/0 /t_ . h(r,f)drdé’—i//t h(z,&)drdé  (5.71)

—x+<&

for a suitable k € (0, ).

Proof. Step 1: H(t,x) € H'(Q) N C'*(Q) for any k € (0, 7) and
2 = [ (he—x 460 —he—x-c.0)as
- [ (perr—co-ne-xre0) e e 2@, 57
2(6xH)=/OK(—h(t—X+§,§)+h(t—x—f,§))dé

X
[ (rerr—c o he—r e 0) & 2@ 67)
K
We shall prove that the first integral on the right-hand side of (5.71),

1 Kk pt—x+<&
ms =3 [ [ heoara,
—x—¢

belongs to C1/2(Q) N H'(Q), the second integral being analogous. Defining
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T(t,x):={(z,§)e§z ‘ f—x—E<t<t—x+¢, 0<5<x},

we can write Hi(f, x) = %fT(t,x) h(t, &) de dé. Since |T (¢, x)| = k2 < 72,

1 T
|Hi(t,x)| < E/QIT(I,X)(T:é’)lh(Taf)IdT ¢ < E”h”LZ(Q)a

using the Cauchy—Schwarz inequality.
Fori = 1,2 and (4, x;) € Q, let us define 7; :=T(¢;, x;). We then obtain

T\ T2l = T2\ T1| < 7|ty — ©2] + |x1 — x21),

and using again the Cauchy—Schwarz inequality,

1 1
—/ |h|+—/ |
2 Jr\n 2 )\

1/2
Va (It = ol + 1x = x2l) 1Al

|Hy(t1, x1) — Hy (22, x2)|

IN

IA

and H € CI/Z(Q).
We now prove that H; € HI(Q) and that 6, Hy = —d, H = f1, where

1 K
=3 [ (he=x+ 80 -he-x-20) ke 2@ .
0
We first justify that f; € L?(€Q). Since
lh(t —x + & O +h(t —x = & O

> e —xre-ni-x-cof

by periodicity with respect to ¢ we obtain that Vx € (0, ),

K 2
1122 g = /0 /0 (e, &)Pde de

K 2r
zl/ / it — %+ &, &) — h(t —x — & E)Pde de
4 Jo Jo

Integrating the previous inequality in the variable x between 0 and 7, applying Fu-
bini’s theorem and the Cauchy—Schwarz inequality, we deduce

1 T K 2
nnhniz(g)zz/o/o/o (e —x +E,8) = h(t —x — &, )P dr dE dr

=1//K|h<t—x+5,5)—h<t—x—5,5)|2dédtdx
4 JaJo

v

K 2
L (/ Ih(t—x+§,f)—h(t—x—é‘,é)ldé‘) dz dx .
iV Q 0

v

1 1
—/ F2x)dede = LIAIRS .
K JO K
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Finally, we prove that oy H; = — f1, with 6, H] = f] being analogous. By Fubini’s
theorem,

2 [ i _/27,/ / / Hih(r,f)qﬁx(t,x)drdxdédt
[ (/t%_ﬂ"/ot%_f praeas [/ [ g
+ /[i;ir h /;;_T ¢y dx dr) d& dr
=/02E/OK(/t:ih(r,f)gb(t,t-i-f—r)dr

_/t_g h(f,§)¢(t,t—§—r)dr) dé dr
t—¢

:/OM/OK(—/ﬂoh(tjté—x,é)ﬂt,ﬂdx

0
+/ h(r—:—x,:)¢(z,x)dx) a dr =2/Qf1¢

With analogous computations for the second addend of A in (5.71) we derive (5.72)
and (5.73).

Step 2: There exists k € (0, w) such that H(t, x) satisfies the Dirichlet boundary
conditions H(t,0) = H(t,t) =0Vt e T.

By (5.71), the function H satisfies, for any x € (0,7), H(¢,0) =0Vt € T. It
remains to find x, imposing H (¢, 7) = 0. Taking x = 7 in (5.71) we obtain

H(t,7) = //tt H{h(r f)drdé——/ /tH—ﬂ_éh(r,é‘)drdé‘

w+<

_ //t Hﬁh(f f)drdé——/ /tm b o) de d
_ 5/0 /_fh(r,f)drdf—z/lc /_Eh(r,f)drdf

= c—x(x),

where in the last line we have used the periodicity of (-, £). Since y () is a continu-
ous function, y(0) > ¢ > 0and y (7 ) = 0, there exists k € (0, 7 ) solving y (k) = c.
Step 3: H € E is a weak solution of (5.44), namely

/ GiHy — b He +dh =0,  Ype CHQ). (5.74)
Q

By Fubini’s theorem and periodicity we get
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/ (qﬁ,(z,x)/Kh(r—x+5,f)d:+¢x<r,x)/xh(r—x+:,5)d¢) d dv
Q 0 0
T Kk p2r
= [ [ (@one -+ e+ g b -5 +2.0) ardz ax
0 0 0
T K 27
= [ [ [ (prx—cn+ o rx - cn)neoaraca
0 0 0

=/0K/02”h(t,§)/oz%(¢(Z+x—§,x))dxdtdcf=0 (5.75)

by Dirichlet boundary conditions. Analogously,

—/ (qbt(r,x)/ h(t—x—é,é‘)dé+¢x(t,X)/ h(t—x—é,é)dcf)dtdx=0.
Q 0 0

(5.76)
Moreover, again by Fubini’s theorem,

L (=t [Cherx—eom s auen [Cherr—c o) aar
[ [T (Fatonet - e 0t pone -6 0) wac

:/”/x/h (=t = x + &) + ele = x +&,0) ) (e, ) d i di
/27[/ A, 5)/ ¢(r—x+: x))dxdtdf
/zn/ h(t, g)/ ¢(t—x+§,x))dxdtd§——/gh¢, (5.77)

and analogously,

X X
/ (¢t(t> X)/ h(t—x+¢, )dS+¢u (2, X)/ h(t—x+¢, f)df) drdx = —/ he .
Q Q

" " (5.78)
Summing (5.75), (5.76), (5.77), (5.78) and recalling (5.72), (5.73), we get (5.74).
Step 4: H(t,x) > 0in Q.
First case: 0 < x < k. By (5.71) and geometrical considerations on the domains
of the integrals, we derive that for 0 < x < x, H(t,x) = f® h(t, &) dr dé, where
0O := O, is the trapezoidal region in Q with a vertex in (7, £) = (¢, x) and delimited
by the straightlinest =t —x+¢, 71 =t+x—¢,{ =«k,and 7 =t —x — ¢. Since
h > 0a.e.in Q, we conclude that H (¢, x) > 0.

Second case: k < x < m.Since H(t +n — x, ) = 0, we have, by (5.71),

t—x+<& t—x—¢42n
// h(z, &) de dé = // h(z, &) dr dé .
t—x+<¢
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Therefore, substituting in (5.71), we get, for k. < x < 7, the expression H(¢,x) =
f® h(z, <) dr d where now O := O, , is the trapezoidal region in Q with a vertex in
(r,¢) = (¢, x) and delimited by the straight linest =t —x+¢&, 7 =t —x — &+ 27,
S=k,andt =t +x — . Since & > 0 a.e. in Q, we conclude also in this case that
H(t,x) > 0. [ |



Appendix A

Hamiltonian PDEs

We briefly present the Hamiltonian formulation of the nonlinear Schrédinger equa-
tion, the beam equation, the KdV equation, and the Euler equations of hydrody-
namics. We refer to [82] for a complete presentation of the symplectic structures of
Hamiltonian PDEs.

A.1 The Nonlinear Schrodinger Equation

(NLS) {i”t—A”+f(x,Iu|2)u=0,

u(x +27k) = u(x) VkeZ?, Vx e R?,

with periodic boundary conditions (similarly for Dirichlet or Neumann boundary
conditions) can be written in complex Hamiltonian form

Gtu = 18[,H

with Hamiltonian
H:=/ |Vul? + F(x, [ul?) dx,
Td

where T? := (R/27Z)?, (8,F)(x,s) = f(x,s) and 9 H = —Au + f(x, |u|*)u is
the gradient with respect to the complex L2-scalar product.

A.2 The Beam Equation

Uy + tyxxx + f(x,u) =0,
u(t,0)=u(t,7z)=0,
T (3 0) = T (S r)=0,
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with Dirichlet and hinged boundary conditions, is, like the wave equation, a second-
order Lagrangian equation with Lagrangian

T u2 u2
L(u,uy) :=/ L XX _ F(x,u)dx,
0o 2 2
where 0, F'(x, u) = f(x,u). The Hamiltonian of the beam equation is

TP Uk
H(u, p) = 7+7+F(x,u)dx
0

(01,

with symplectic structure

A.3 The KdV Equation

Uy —utly + tyyx =0,
ulx +2z) =u(x),

resp. with u(x) — 0 as |x| — +o00, can be written in the Hamiltonian form (0.1)

with Hamiltonian ) 5

H(u) :=/T(”7x + %)dx

defined on the phase space H'!(T) of functions u periodic in x, resp. on the space
H'(R) of functions vanishing at infinity (solitons).
The antisymmetric nondegenerate! operator is

J =0,

and V H (1) = —uyx + (u?/2) is the gradient with respect to the L2-scalar product.
Other Hamiltonian structures are possible to express the KdV equation; see, for
example, [85] and [76].

A.4 The Euler Equations of Hydrodynamics

The Hamiltonian formulation of the “gravity-capillarity water waves” problem de-
scribing the evolution of a perfect, incompressible, irrotational fluid under the action
of gravity and surface tension is more complex, and it is due to Zakharov [134].

The unknowns of the problem are the free surface y = #(x), which bounds the
variable fluid domain

Loy is only weakly nondegenerate since it vanishes on constants.
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Syi={@ ) e R xR | —h <y <y}

with n = 2, 3, and the velocity potential ®: S, — R, i.e., the irrotational velocity
fieldu = VO.
The gravity-capillarity water-waves problem, see, e.g., [125], can be written as

oD + %lVCDl2 +gn=ort aty = n(x) (Bernoulli condition),

AD =0 in S, (incompressibility) , A1)
0,0 =0 aty = —h (impermeability) ,

O =0,® — 0xn- 0, D aty = n(x) (kinematic condition),

where g is the acceleration of gravity, o is the surface tension, and

Ox 1
V1o

is the mean curvature of the free surface (we suppose the density of the fluid to be
p = 1). Further boundary conditions are

7 :=div

n,Vbd - 0 for |x]— 4o0
(solitons) or periodic boundary conditions
nx+A)=nkx), ®x+A,y)=d(x,y), Vx e R VAT,
where I is a lattice (cnoidal waves). To fix the ideas we assume in the sequel periodic

boundary conditions x € T"~ ! i.e, I = 272"~

We want to write the evolution problem (A.1) as an infinite-dimensional Hamilto-
nian system. Note that the profile 77(x) of the fluid and the value &(x) := @ (x, 7(x))
of the velocity potential @ restricted to the free boundary uniquely determine the
velocity potential @ in the whole of S, solving the elliptic problem

AD =0 in S,
o,0=0 at y=-—h, (A.2)
Q=< at  y=n),

with @ periodic in x.

We claim that (A.1) can be written, in the variables (¢, ), as the Hamiltonian
system

(A.3)

6t17 = 5{[‘[,
atg = _5}1[_]5

with Hamiltonian

1
H = §|V(D|2dxdy+/ gydxdy+a/ l,/1+|<9xn|2dx
Sy -

S,
=K+U+o4.
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Then H is the sum of the kinetic energy, the potential energy, and the area surface
integral, expressed in the variables (£, #), and J;, J¢ are the L?-gradients of H. By
(A.3), (¢, ) are canonically conjugated “Darboux coordinates.”

The potential energy is
U :/ gydxdy = 5/ ;72(x) dx + constant .
S’7 2 -1

Using the divergence theorem, A® = 0, the periodicity, and the Neumann condition
at the bottom, the kinetic energy can be expressed as

1 1
K =3 [ WoPaay=3 [ comiara,  @a

where
(=0xn(x), 1)

V1 ocn()l?

N(x) :=
is the outer normal, and
G [£] == VO(x, n(x)) - N(x)y/ 1+ (3 n(x))?
= (0y@)(x, 7(x)) — (Bx D) (x, 77(x)) - Ox77(x)

is the so-called Dirichlet—Neumann operator; see [50].
The operator G is linear in &, symmetric with respect to the L? scalar product,
and semipositive definite.

Remark A.1. 1t is a deep result that the nonlinear map  — G(#) is analytic as a
function from { € C' | l7llcr < R} into L(H', L?); see, e.g., [49].

In conclusion, the Hamiltonian is

1
Hen =3 [ come+s [

2 / 2
N dx—i—a/T”_1 1+ |0yn|*dx.

Let us prove (A.3). By the symmetry of G (), the partial derivative oz H with respect
to the L2 scalar product is

ozHE, ) =G <], (A.5)

and the fourth equation in (A.1) coincides with the first equation of (A.3):
om =G0 [E]=0:H (&, n).
It is also easy to obtain the partial derivatives
oyU = gn, opd=—1(n). (A.6)

It remains to compute the partial derivative of K with respect to the shape domain 7,
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0 VO,
(,K,v)2 = — ﬂ, (A.7)
n L P
O u=0J Sy o

where @, ,, is the solution of (A.2) in S 1, with Dirichlet datum ¢ on the varied
boundary y = n(x) + uv(x).
Differentiating with respect to u in (A.7), the term

1 5 1 n(x)+pv(x) 5
3 veapaa =3 [ (] V0,01 )
S;ﬁ_/w -1 h

yields
1 10P
K == Vo : -— A.
ko= [ Vo nePuea + 350 A

where, as in (A.4), we can write
Pim [0 uPacdy = [ G600 [a] s
[

with? &u(x) i= Dyy o (x, 7(x)). To compute

10P P
20K m0 ou ¢ dx A9
201 =0 /TH (aﬂ |u=o§”) (m[¢] (A.9)
it remains to find )
ou Eu(x) = 0pc Dy (x, n(x)) [v], (A.10)
H =0

where 0pc denotes the derivative of the map f +— @.
Differentiating the identity

g (8, 100) + 0 (1)) = E6) - Y
at u = 0 yields
0pc Py (¥, () V] = =3y @y (x, n(W (), (A1)
and (A.8), (A.9), (A.10), (A.11) give
1
K = FIVO(, 1) = (3, @)(x, 1) G [] - (A.12)

Differentiating &(x, 1) = @ (x, 5(x, t), t) with respect to time, thanks to the first
equation in (A.1) and &7 = G() [¢], we get

1
& = 0,00 +0,D =08,0G(n)[&] — 5|V®|2 —gn+ot=—6,H(E, 7

by (A.6) and (A.12), namely the second equation in (A.3).

2 We can suppose v (x) > 0, decomposing in positive and negative part v = vt —v~. Hence,
for u >0, 8y C Sp+uv-
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Remark A.2. We could express the right-hand side of (A.12) through the quantities
(&, i) only, yielding

_1_ 1 2_ 2 _ 289
WK = 3 10 = G D = 2001208 GO €]

+lanP16:e = @en- 0:)? |

see, e.g., [50]. Note that the last term vanishes for n = 2.



Appendix B

Critical Point Theory

We find it convenient to collect briefly the basic ideas and techniques in critical point
theory that are used throughout the book.

B.1 Preliminaries

Let ®: X — R be a C!-functional defined on a real Banach space X with norm || - |.
Let D®(x) € L(X,R) denote the derivative of ® at the point x, namely the
unique linear and continuous operator from X to R such that

|®(x +h) — @(x) — DD(x) [2]| =o(lAll) as [al — 0.
Forany L € L£(X, R) =: X* in the dual space we define the operatorial norm

ILll«:= sup [Lx].

xl<1

Definition B.1. A point x € X is called a critical point if D®(x) = 0. The corre-
sponding value @ (x) € R is called a critical value.

When X is a Hilbert space with scalar product (-, -), we denote by V@ (x) € X
the gradient of @ at the point x, uniquely defined, via the Riesz theorem, by

(VO(x),h) = DO(x)[h], VhelX.
We have [[VO ()|l = [ DD (X))
Given a C! function g: X — R, the set

M = g_l(O) = {x eX|gkx)= 0}

is a Cl-manifold if Dg(x) # 0, Vx € M (by the implicit function theorem), with
tangent space at x

T M = {h € X | Dg(x)[h] = o} .



146 B Critical Point Theory

Definition B.2. The point x € M is called a critical point of ®: M C X — R
constrained to M if D®(x)[h] =0,Vh € T, M.

When X is a Hilbert space and x € M is a critical point of ® constrained to M,
we have
VO(x) = AVg(x)

for some 1 € R, because Vg(x) spans the orthogonal space to 7y M. This is called
the Lagrange multiplier rule.

B.2 Minima

The simplest critical points to look for are the absolute minima and maxima (as we
deal with in Chapter 5).
We first recall the following classical result.

Theorem B.3. (Weierstrass) Let ®: X — R be lower semicontinuous, i.e., Vx,

Vx, > x — liminfd(x,) > O(x).
n

Then on any compact set K C X, @ is bounded from below and attains an absolute
minimum, i.e., there is X € K such that ®(x) = infg ©.

Proof. Take a minimizing sequence x,, € K, namely such that

D(x,) > inf O(x).
xekK

By the compactness of K, up to a subsequence, x, — x for some x € K. By the
lower semicontinuity property of @,

inf® = lim ®(x,) = liminf ®(x,) = D(F),
n n

and therefore, infxy ® = ®(X), i.e., infx @ is finite and x € K is an absolute mini-
mum of ® in K. |

When X is infinite-dimensional, bounded sets are not, in general, precompact (=
set with compact closure) in the strong topology, and it is convenient to introduce
the weak topology on X. In this weaker topology, bounded sets are precompact; see
[41]. We write x,, — x to indicate that x, converges to x in the weak topology.

The following theorem is the main tool in the so-called direct methods in the
calculus of variations.
Theorem B.4. Let X be a reflexive Banach space and let ®: X — R be a functional
satisfying the following conditions:

(Coercivity) ®(x,) — 400 for any sequence ||x,| — +o0.
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(Sequential weakly lower semicontinuity)
Vx € X, Vx, — x then liminf, ®(x,) > O (x).

Then ®© is bounded from below and attains an absolute minimum on X.
Proof. Let x;, € X be a minimizing sequence, namely ®(x,) — infy ®. By the
coercivity property, the sequence ||x, || is bounded.

Since X is reflexive, up to a subsequence, x, — X (see, e.g., [41], Theorem
II1.27). By the weakly lower semicontinuity property,

inf ® = 1im ®(x,) = liminf O (x,) = V().
n n

and therefore, ®(x) = infy @. [ |

In several applications it happens that the functional @ is not bounded below (or
above); or that the absolute (or local) minima correspond to trivial solutions of the
problem (for example, in Chapter 2 the trivial solution v = 0 is a local minimum of
the functional @, defined in (2.31)).

It is therefore necessary to develop techniques to find “saddle” critical points of
unbounded functionals.

B.3 The Minimax Idea

Critical values ¢ of a function ®:R” — R should be found where the topological
nature of the sublevels
A, =07 (=00, (]

changes, according to the guiding principle that if there are no critical points in
®~!([a, b)), the sublevel A can be deformed into A4, along the trajectories of the
negative gradient flow

ﬁ(tax) = —V(I)(ﬂ(l, x)) s
n(0,x) =x,

where t — @ (#(¢, x)) is a decreasing function, since

d
7 PO, x)) = —[IV®((t, x))II* .

However, even in finite dimensions, saddle critical points need not in general exist
unless some compactness property holds, as illustrated by the following elementary
function ®:R?> — R in [126],

O(x,y) =eV —x?.

The sublevels A, are disconnected sets for ¢ < 0, A, are connected for ¢ > 0, but

there are no critical points at the level ¢ = 0.

The following strong compactness condition has been introduced by Palais and
Smale [106], guaranteeing a critical point in many variational problems.
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Definition B.5. (Palais—Smale) (i) A sequence x, € X is called a Palais—Smale
sequence at the level ¢ ((PS), for short) if

D(x,) > ¢ and || DD(x,)]x+ — 0.

(ii) The functional @: X — R is said to satisfy the Palais—Smale condition at the
level ¢ ((PS). for short) if every (PS), sequence x, € X is precompact in X; namely,
X, possesses a convergent subsequence x,, — X.

Observe that if ® € C!(X,R) satisfies the (PS). condition, any accumulation
point x of a (PS), sequence x,, is a critical point of @ at the level ¢, namely DO (x) =
0and ®(x) = c.

The minimax principle is highlighted in the following theorem [105].
Theorem B.6. (Minimax) Consider ® € C'(X,R), where X is a Hilbert' space
and suppose n = —V O (n) defines a flow n(t,-): X — X, vVt > 0.

(i) There exists a family of subsets F C X, say F, positively invariant under the
flow, i.e., if F € F then 5(t, F) € F, ¥t > 0.
(i#1) The “minimax” level ¢ := infpc r sup, . P (x) is finite.
(iii) O satisfies (PS)..

Then c is a critical value.
Proof. We shall prove that for every x > 0 there exists x € X such that
c—p<®x)<c+p and [VOX)|<pu.

Then, choosing i, := 1/n, we obtain a Palais—Smale sequence x,, at the level c. By
the (PS). condition, x,, converges to some critical point in X at the level c.

Arguing by contradiction, there exists ¢ > 0 such that
c—p<Ox)<ctu = VO > p. (B.1)
By the definition of ¢ there exists an /' € F such that sup,..r ©(x) < ¢ + u.
We claim that
2

nt*, F)e Ae—y for == (B.2)
I

Since, by (i), F* := 5(t*, F) € F, (B.2) implies the contradiction

c:= inf sup®(x) < sup O(x) <c—pu.
eF xeF XeF*
To prove (B.2), pick any x € Acq,. If ®(5(t*,x)) < ¢ — u, we have nothing to
prove. If ®(y(t*,x)) > ¢ — u, thenc — u < ®(y(t,x)) < ¢+ u, Vt € [0,¢*],
because 1 — ®(5(z, x)) is decreasing. Hence, by (B.1), || VD (5(z, x))|| > u, and

! The same statement holds when X is a complete Finsler manifold of class cll: gee, e.g.,
[126]. In this case, a “rich” topology of X implies existence of critical points.
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)
O((r*, x)) = D(x) —/0 VO I dt < et —t" P =c—u.

This contradiction proves the claim (B.2). [ ]

Concerning the verification of the Palais—Smale condition, the first step is often
to prove that a Palais—Smale sequence x, is bounded, i.e., that there exists C > 0
such that ||x,|| < C, Vn.

This condition is sufficient, for example, in the following situation:

Lemma B.7. Suppose D® = L + K, where L: X — X* is an invertible linear map
with bounded inverse, and K: X — X* is compact (i.e., maps bounded sets in X in
precompact sets in X*). Then any bounded (PS). sequence x, € X is precompact.

Proof. We have
Xp =L DO(x,) — LK (x,). (B.3)

Now, DD (x,) — 0 because x, is a Palais—Smale sequence. Moreover, since x, is
bounded and L™K is compact, then, up to a subsequence, L' K (x,) — ¥ in X.
We deduce by (B.3) that x, - —x. [ |

B.4 The Mountain Pass Theorem

There is no general recipe for choosing the minimax family F, the choice having to
reflect some topological change in the nature of the sublevels of ®@.

An important minimax result with a broad spectrum of applications is the cele-
brated mountain pass theorem due to Ambrosetti and Rabinowitz [7].

Theorem B.8. (Mountain Pass) Suppose ® € C'(X, R) and

(1) ©(0) =0;
@) 3 p, a > 0 such that D (x) > o if |x|| = p;
(iii) Jv € X with |v|| > p such that ®(v) < 0.

Define the “mountain pass” value

;= inf max ® >a,
¢i= inf max (7(s)) za

where T is the minimax class
Fi={y eC0.1,017© =0,y =0}

Then there exists a Palais—Smale sequence of © at the level c.
As a consequence, if © satisfies the (PS). condition, then c is a critical value for
@: there exists X # 0 such that D®(x) = 0 and ®(x) = c.
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Geometrical Interpretation: Think of the graph of @ as a landscape with a low spot
atx = 0 surrounded by a ring of mountains. Beyond these mountains lies another low
spot at the point v. Then there must be a mountain pass between 0 and v containing
a critical point. From a topological point of view, the sublevel 4._; is not arcwise
connected.

Proof. For simplicity we shall give the proof in the case? that X is a Hilbert space
and V@ is locally Lipschitz continuous. In Remark B.9 we explain how to deal with
the general case.

First note that for any y € T', the intersection y ([0, 1]) N S, is nonempty, where
S, :={x € X | |x|| = p}. Therefore

. (i)
max_®@(y (s)) > min O (x) % a>0
s€[0,1] xeS,

and

= inf @ >a>0.
¢ = inf max (7)) =a

We claim the following:
Claim. Y0 < u < ¢/2, there exists x € X such that
c—u<Ox)<c+pu and [[VOX)| <2u. (B.4)

Then, choosing 1, = 1/n, we obtain a Palais—Smale sequence x;, at the level c.
The Deformation Argument. For x > 0 let us consider the sets

Ni={xeX||®x)—c| <puand [VO)| >2u},
N:={xeX||DPkx)—c| <2uand ||VO(x)| > u}

(N C N). Therefore N and N¢ are closed, disjoints sets and there exists a locally
Lipschitz nonnegative function g: X — [0, 1] such that

_ 1 on]V,
£= 0 on N¢,

for example
_ dx, N9
~d(x, NY)+d(x, N)

(here d(x, -) denotes the distance function).
Next consider the locally Lipschitz and bounded vector field

g(x):

2 These conditions are met in particular in the applications of this book: in Chapters 1 and 2
the space X is a Hilbert space (actually finite-dimensional in Chapter 1) and V® € C1; see
Remark 2.12.
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VO(x)

X0) =~ gg e (B.5)

(note that X (x) is well defined because if ||[VD(x)|| < u then x € N€ and so
g(x) =0).

For each x € X, the unique solution of the Cauchy problem

(B.6)

Lo(t,x) = X(5(t,x)),
n0,x) =x,

is defined for all £ € R (since X is bounded) and
(i) n(t,-) is a homeomorphism of X.
Furthermore, since X (x) = 0 for x € N¢,
@) n(t,x) =x,Vt,if |O(x) —c| > 2u orif [VO(x)|| < wu.
Finally,
(iii) Vx € X, Vt € R,

d
3 2, ) = —g(n(t, DIV (y(t, x)| < 0. (B.7)

Conclusion of the mountain pass theorem. We can now prove the claim (B.4).
Arguing by contradiction suppose there exists 0 < u < ¢/2 such that

Vxefe—u<®x)<ct+put = [VOW)I =2u. (B.8)
Define 7(¢, -) as in the previous step.

By the definition of ¢ > 0 there exists a path y € I' such that

[} <
max, (y@)<c+u.

By (if), since ®(0) =0, ®(v) < 0and 2u < c,
n(,0 =0, nt,v)=v, V. (B.9)

Furthermore, by (i), (¢, y (-)) € C([0, 1]) and therefore #(¢, -)oy € I' (the minimax
family I' is invariant under the deformations 7).
But we claim that

@1,y (0,1]) <c—pu, (B.10)

implying the contradiction

¢ = inf 0] < D(n(1, <c-—
,]relré?[g’i] (7 () < Jmax (1, y(s)) sc—p.
Let us prove (B.10). Pick a point x € y ([0, 1]). If ®(n(z,x)) < ¢ — u for some
0 < t < 1, there is nothing to prove, since ®(7(z, x)) is decreasing. Assume by
contradiction that ®(#(¢, x)) > ¢ — u for all ¢ € [0, 1]. Therefore, by (B.8),
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c—pu<®@@,x) <c+p and VO, X)) = 2u,

Le, n(t,x) e N,Vt e [0, 1]. By (B.7), since g = 1 on N,
1
o1, ) = B(x) - /0 g0t ) [V (. x)) e

1
<+ —/0 VO )t < (e 4 1) — 24 = —

This concludes the proof of the theorem. [ ]

The following example from [44] shows a function ®: R?> — R,
O(x,y) =7 = (= D)2,

satisfying the assumptions (7)—(iii) of the mountain pass theorem but without critical
points except (0, 0).

Indeed, the function ® does not satisfy the Palais—Smale condition at the moun-
tain pass level ¢, which is easily verified to be ¢ = 1. Any Palais—Smale sequence
(Xn, va) € R? of @ at the level ¢ = 1 diverges to infinity; more precisely, x, — 1,
|vn| = +o00; see [75].

Remark B.9. (Pseudogradient) To prove Theorem B.8 in the case that X is a Ba-
nach space or VO is not locally Lipschitz, we can replace, in order to construct
the deformations #(¢, -), the gradient V®(x) with a locally Lipschitz vector field
P:{D®(x) # 0} - X such that

IP(x)|| < 211 DDx) ],
DO(x)[P(x)] > IDD(x)]?.

Such a P is called a “pseudogradient” vector field. Note that the second inequality
implies also || P(x)|| > [|DD(x)]«.

Any ® € C!(X,R) admits a locally Lipschitz pseudogradient vector field P;
see, e.g., Lemma A.2 in [119].

We now discuss the minor variants of the mountain pass theorem used in Chap-
ter 1.

Theorem B.10. Suppose © € CY(B,,R), where B, := {||x]|| <}, satisfies
(i) ©(0) =0;
@@#@)30 < p <r, a > 0suchthat ®(x) > a if |x|| = p;

(iii) ®(x) < 0, Vx € 0B,.

There exists a (PS). sequence of ® at the level ¢ := inf, cr max,eqo,1] P(y (5)),
where

r= {y eC([o,l],B,)|y(0)=o,y(1)eaB,}. (B.11)
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Proof. Exactly the same proof given for Theorem B.8 above applies, the only dif-
ference being to show that the minimax class I" in (B.11) is invariant under the flow
n(t, -) defined in (B.6), i.e., if y € ' then 5(¢, ) oy € T, Vt.

For this, observe that if 0 < 2u < ¢, then the vector field X defined in (B.5)
vanishes on 0 B, (since Vx € 0B,, ®(x) < 0, then x € N¢ and so g(x) = 0). Hence
the Cauchy problem (B.6) defines a family of deformations # € C([0, 1] x B, B,)
such that (¢, -)|s8. = I, whence the minimax class I' is invariant. |

Proof of (1.61). We follow Lemma 1.19 in [116]. Since V' is finite-dimensional,
—V®(1,0) is a pseudogradient vector field for ® (4, ») for all v € 60 and we
can define, by interpolation, say, a pseudogradient vector field P(v) for ® (4, v) on
O coinciding with —V®(1,v) on 8 Q.

To apply the same argument of the mountain pass theorem, Theorem B.8, again
the main issue is to prove that the minimax class I' defined in (1.60) is invariant
under the positive flow generated by X (v) := —g()P()/|| P ()]

This is true by Proposition 1.28: if v € 60 satisfies ®(1,v) = ¢~ < 0 (case (ii))
then X (v) = 0 and therefore 7(¢, v) = v, V¢. In particular, (¢, -)j7- = 1. Ifv € 90
satisfies @ (1,v) = ¢™ (case (i)) then ®(1, 5(¢,v)) < ¢, for t > 0, because P(v)
is a pseudogradient vector field, and so #(¢, v) € Q. Otherwise, Proposition 1.28(iii)
shows that #(z,v) € 00. |

For more material on critical point theory we refer to the monographs by Am-
brosetti-Malchiodi [5], Mawhin—Willem [91], Rabinowitz [119], Struwe [126].



Appendix C

Free Vibrations of Nonlinear Wave Equations:
A Global Result

As a further application of the mountain pass theorem, Theorem B.§8, we prove the
following theorem, originally due to Rabinowitz [118], following the proof given by
Brezis—Coron—Nirenberg [42].

Theorem C.1. The nonlinear wave equation

Uy —uyy + fu) =0,
u(t,0) =u(t,z)=0,

where f(u) := |ul’~2u, p > 2, possesses a nontrivial weak 2x -periodic solution
uelP.

Proof. Let

2r
N::{u:;y(t—i—x)—;y(t—x)|neLl(T)and/0 77=0}

be the L'-closure of the classical solutions of the linear wave equation (2.8).

We first collect information on the linear problem
Oy =w, where =06y — Oy . (C.1)

For any w belonging to the weak orthogonal complement
Nt o= {w e L1(Q) | / wodidx =0, Vo e NﬂLOO},
Q

where Q := T x (0, ), there exists a unique weak solution y := O 'w e Nt N
C(Q) of (C.1), namely

/WDgo:/wgo, Yo e C3(Q).
Q Q
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Actually, by the explicit integral representation formula for (J~™'w given in Remark
5.5, we deduce the estimates

07wl < Cllwli (C2)
and Vg > 1 (applying Holder’s inequality as in Lemma 5.4),

_ 1
107 wllce < Clwllze  a:=1 - (C.3)

where C* denotes the space of the a-Hdlder continuous functions.

Let ® € C!(W, R) be the functional

1 o .
dPw)=— [ |w?f += | wO 'w, YweW,
/
P Ja 2 Ja

defined on the space
Wi.=NLtnLV,

where p’ € (1,2) is the conjugated exponent to p, i.e., 1/p + 1/p’ = 1, endowed

with its natural norm
/ 1/p
ol = ( [ ol arar) "

Note that @ is well defined because 0~'w € L>(Q) by (C.2).
We have

D®(w) [A] =/ lw|” 2w h +/ hO'w, VYhew, (C.4)

Q Q

whence, if w € W is a critical point of @,
O 'w + |w” 2w =0

for some v € N N L?. Defining

u=0v—0"w= |w|p/_2w ,

we get w = |u|?~2u and, sincev € N N LP,

Ou=—w = —|ul’?u,

namely u is a solution of u;; — uyy + |u|?~2u = 0.

Therefore, Theorem C.1 will be a consequence of the mountain pass theorem and the
following claim.

CLAIM: @ satisfies the assumptions of Theorem B.S.

Step 1: O satisfies assumptions (i)—(iii).
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We have ®(0) = 0 and

1 : _
Q(w) > ?Ilwlli,,,—CIIwIILIIID "wl| e

2 1 , 5 1 , 5

> —lwl?, = ol =2 =llwl? , = C ol
P P

whence, since 1 < p’ < 2, assumption (i) of the mountain pass theorem follows.

To verify assumption (iii), take w € W such that fQ w0 "% < 0 (recall that (!
possesses negative eigenvalues; see, e.g., (5.4) and (5.8)). For ¢ € R large enough,
we have

— l‘pl _ / tz _ 1 -
(o) = —Ilol? +—/ w0 'd <0
p Lr 2 Jo

again because 1 < p’ < 2.

Step 2: @ satisfies (PS)..
Let w, be a (PS). sequence, namely

1

1 ,
O (w,) = _,/ [ |? +—/ w, 07w, = ¢ (C.5)
P Ja 2 Ja

and ||D(I)(wn)||£(Lpr’R) - 0.
By (C.4), using the Hahn—Banach extension theorem, and recalling that the dual
space of L? is L?, there exists g, € L” such that

ch(w,,)[h]z/ (|wn|P/—2wn+D—1wn)h=/g,,h, YheWw, (C6)
Q Q

with
lgullLr = ”D(D(wn)ng(Lp”R) - 0.
By (C.6),
O wn + [l " wy = gn + v (C.7)

withov, € NN LP.
Subtracting (C.5) from

1 1 | _ 1
ED(D(U)n) [wy] = E\/Qlwnvy +§/ﬂwn|:| lwn = E/anwn (C.3)

yields
1 1

300w [0n] = 0(wn) = (5 =) [ 1wl

whence

+ 1@ (wn)]

1o P
(5= )ty = |5 [ v

1
< S lgnllzollwnlly +c+1.

A
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. L”
It follows that [|w, ||, » < C is bounded, and therefore, up to a subsequence, w, —

w € W weakly.
By the convexity of the function |¢|” we get

/ 1 / /
-2
_/|w|p __/|wn|p > wul? " wa (W — wy)

(%7) (gn + 0, — D_lwn)(w —wy),

whence

1 , 1 , _
?/QW —;/Quw z/g(gn—m o)W —wy),  (CI)

sincev, € NNLP.
By (C.3) and the Ascoli—Arzela theorem, the operator

O w:= NtnL? - L? (C.10)

is compact. Hence, since w, — w — 0 weakly, g, — 0~ 'w, converges strongly in
L?, and we deduce that the right-hand side in (C.9) tends to 0, whence

limsup willz,, < llwll,, - (C.11)
n

/. . Lpl . P/
Since the space L” is uniformly convex, (C.11) and w, — w imply that w, Yo
strongly (see [41], Proposition I11.30). [ |

Remark C.2. The proof of Theorem C.1 can be generalized for any superlinear
nonlinearity f'(u) satisfying

A C)

lu|>+o00 u

boo, 3 f) = F@ 2 alf@] - C, Vu,

for some constant C, o > 0, where F(u) := fou f(s)ds.
Previous results in the simpler case in which the nonlinearity f grows at most
linearly had been obtained in [1], [43]; see also the survey [40].

Remark C.3. (Regularity) The weak solution u found in Theorem C.1 is actually in
L>®(Q); see [43]. Furthermore, if f(u) is strictly monotone and of class C®°, then
u € C*; see [43], [118].

Remark C.4. Existence of periodic solutions for any rational frequency w = 2x/
T € Q can be proved along the same lines. In contrast, if ® ¢ Q, the compactness
property (C.10) no longer holds, and the above proof of the Palais—Smale condition
fails.

This is the reflection of small “denominators” phenomena discussed in this book:
while for rational frequencies the inverse of the D’ Alembert operator is compact (see
Lemma 5.4 and (C.3)), for a general irrational frequency it is unbounded (see Section
2.6).
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Remark C.5. Nonperturbative existence results of periodic solutions with strongly
irrational frequencies (namely badly approximable numbers; see Definition D.5)
have been proved in [54], [92], [20], for nonlinearities with linear growth. For these
frequencies, as in Lemma 2.10, the inverse of the D’ Alembert operator turns out to
be at least continuous.



Appendix D

Approximation of Irrationals by Rationals

We collect here some elementary results in number theory used in this book. For a
complete presentation we refer to [70], [121].

A real number ¢ € R may be uniquely written as

¢ =[E1+{<),
where [¢] € N is the integer part of & and {&} € [0, 1) its fractional part.

Theorem D.1. (Dirichlet) Let x be an irrational number. Then

(i) YO € N there exist integers q, p € L with 1 < q < Q such that

1
lgx —pl < <. (D.1)
0
(ii) There exist infinitely many distinct rational numbers p/q such that
1
‘x L (D.2)
q q

Proof. (i) The Q 4+ 1 numbers

0, {x}, ... ., {(Q—=Dx},1 €[0,1]

are all distinct since x is irrational. Therefore at least two of them stay at a distance
less than or equal to 1/Q; namely there exist integers 0 < r, < r; < O, s1, 52 such
that

(rix —s1) — (rx —s)| < é .

Setting g :=r1 —r2, p :==51 —s2, we have 1 < ¢ < Q and (D.1) holds.

(ii) Since x is irrational, gx — p is never zero. Hence as Q — +00, we obtain
infinitely many distinct pairs of relatively prime integers satisfying (D.1) and there-
fore (D.2). |
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Corollary D.2. If x € R\ Q the set {xn +m | (n, m) € Z?} is dense in R.
Proof. VO € N, by Theorem D.1(i), the sequence

0, {gx}, {2qx}, {3qx},
forms a 1/Q-net of [0, 1]. [ |
Definition D.3. (Diophantine number) An irrational number x is called Diophan-
tine if there exist constants y, ¢ > 0 such that

‘x—gzl, VgeN,pel.

q q°
Note that in view of the Dirichlet theorem, the constant 7 has to be greater than or
equal to 2, and if 7 = 2, the constant y has to satisfy y € (0, 1).
Theorem D.4. Almost every x € R is Diophantine.

Proof. 1t is sufficient to prove that almost every x € (0, 1) is Diophantine. The
complementary set of the Diophantine numbers in (0, 1) for some y > 0,7 > 2, is

contained in by op
Cy := U - - _7 - + _T) b
p/geQoy 4444
whose Lebesgue measure is bounded by
2y Sk
B> Z 22
q=1 p= l q=1 q
which is convergent because 7 > 2. We deduce that |C,| = Oas y — 0. [ ]

Definition D.5. (Badly approximable) A Diophantine number with z = 2 is called
“badly approximable.”

Existence of badly approximable numbers is ensured, for example, by the fol-
lowing theorem (see also Theorem D.11 below).

Theorem D.6. (Liouville) Let x be an irrational root of a quadratic polynomial
P(y) :=ay* + by + cwitha, b, c € Z, a # 0 (quadratic irrational). Then x is
badly approximable.

Proof If |x — p/q| > 1 we have nothing to prove. If |[x — p/q| < 1 then
2 b 2
L = [ (2) = [P(5) - | 2w -
q q q
where M := maxy_1x4+1]|P'(»)| > 0. Now

(D.3)

lap* + bpq + cq*| > 1,

for a, b, ¢ € Z; otherwise, P(p/q) = 0, but P cannot have rational solutions. We
deduce by (D.3) that
e
x—=|> .
a7
In conclusion: x is badly approximable with y := min{M~!, 1}. ]
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D.1 Continued Fractions

The classical Euclidean division algorithm allows one to write every real number x
in the form of a “continued fraction.”

For every x € R we define
ap = [x], xo:= {x}

(so that x = ap + xo), and inductively, for n > 0, if x,, # 0,

api1 :=|:i:| >1, Xn+1 :={i}

Xn Xn

(so that xn_1 = ap+1 + Xp+1), whence

1
x=a0+x0=a0+ ::ao_l_
1
ap + xj ar+

1

a, + x,

a +---+

If x € Q is a rational number, this Euclidean division algorithm stops after a finite
number of steps (when the remainder x,, is equal to 0).

In contrast, if x € R\ Q the previous procedure never ceases, and it defines the
so-called continued fraction expansion of the number x,

1
[ao, a1,a2,...1:=ao+

ay +

a +---
The integers a,, are called the “partial quotients” of x.

EXAMPLE The continuous fraction expansion of the famous “golden ratio” number

x:=/54+1)/2is
1

1
1+

(L1L,1,...]=1+
1+

because x solves the equation x = 1 +x~1.

Definition D.7. (Convergents) Given an irrational number x, we define the nth con-
vergents to x as

1
&::[‘ZO;alsQZ,--~san]::a0+ 1 eQ

qn ap +

forn=0,1,2,....
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D.1. Exercise: Prove, by induction, that p,, g, are recursively determined by

Vn >0,

Pn = AnPn—1+ Pn-2,
qn = anqn—1+ qn-2,

defining p—» := 0, p—1 := 0, g—> := 1, g—1 := 0. In particular, g,+1 > g, > 0
and lim, 1 g, = 400 (note that for the golden ratio, ¢,, p, are the Fibonacci
sequence). Furthermore,

Pndn+1 — Pn+19n = (_1)n+l > (D.4)
which implies in particular that p, and g, are relatively prime for each n.

By Definition D.7 and the previous exercise, given x € R\ Q, the sequence of
its convergents satisfy

@<&<ﬁ<...<x<...<ﬁ<ﬁ<ﬂ’
q0 q2 q4 qs q3 q1
whence
1 1
&_X‘< &_P"H‘(D:A) <., Vu=0, (D3
dn qn qn+1 qn 9n+1 qn

and in particular,

&%x for n— +00.

4qn
The following “inverse” result holds (see Theorem 5C in [121]).

Theorem D.8. (Legendre) Suppose p, q are relatively prime integers with ¢ > 0
and

Then p/q is a convergent to x.

The importance of the convergents is finally highlighted by the following theorem
due to Lagrange, sometimes called the “law of best approximations” (see Theorem
SE in [121]).

Theorem D.9. (Best approximations) Let x be an irrational number. Then
Ixqo — pol > Ixq1 — p1l > |xq2 — p2| > ---
and V1 < q < qn, (q, p) # (qn> pn). 1 = 1,
Ixqg — pl > |xgn — pul.

We finally recall the following identity used in Lemma 2.8.
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Lemma D.10. (Theorem 5F in [121]). If x € R\ Q then

o= i :
X ——| = 1 >
n 2( a a o )
qn [ n+1>An+2, ] [an’an_]’.”’a]]
whence 1 |
Z—S‘X_P_ns . . (D.6)
qn (an+l +2) qn 5y An+1

By Theorem D.8 and (D.6), arguing as in Lemma 2.8, we deduce the following
result:

Theorem D.11. An irrational x is badly approximable if and only if the partial quo-
tients a, in its continued fraction expansion are bounded, namely |a,| < K(x),
Vn > 0.



Appendix E

The Banach Algebra Property of X, ;

Lemma E.1. For s > 1/2 the space X is an algebra; namely, there exists ¢ > 0
such that
”uD”a,s < C”u”ﬂ,S”U”a,s: Vu, v eXa’,s~

Proof. Letu,v € Xp5,u =, 7 um(x) elmt ¢ = > meZ, Om(x) ¢, The product

uv satisfies _
uy = Z (Zul—kl)k) el
/ k

so its X, ¢-norm is, if convergent,

ot = 32| - [ (P e

Let us define

=) (487" E.1
aj = ) . (E.1)
By Holder’s inequality,
2
qu, wr ) <@ D ol (1+1%) (E2)
k

D 2> furmgorly (1411 = &%) (1K),
k

where .
2.
=2 =
k Yk
We claim that
d<c?, Vilel, (E.3)

with



168 E The Banach Algebra Property of X; ¢

? =2 Z !

2s
kel I+k

which is finite if s > 1/2. Let us prove (E.3). By convexity, for s > 1/2, we have

< 400,

2
1415 <1+ (|l—k| ¥ |k|) EP S (|l—k|25 +k25)

<22S—1 (1+|l_k|23+1+k2S)

and then | | |
= <ol ( ) E4
a’ TH k> 1+ iE E4)

By the definition of ¢,
P=3 N (et )
Fmag2 = 1+l — k> 4= 1+k>
1

— 2s .2
= 2-5 Z m = ¢ < +o0.
kel

Finally, using that H'(0, ) is an algebra,

2
||”U||§,s = E H E ul—kaHH](l—i—lzs) 2o
! k

(E2)
<SS kP llol e (14 10— k12 (14 £%) e
! k

(E.3) -
< 0D il lowll (11 = k1) (14 k%) 20D
Ik

= 3 (D Mty (1 17 = 1) @077 ) o 2, (14 ) €2
k /

2 2 2
= cullgllvlz

proving the algebra property of X, ;. Note that the algebra constant ¢ is independent
ofo. ]



Solutions

Problems of Chapter 1

1.1 In polar coordinates,

. 2 2
[p =X x5,

0 = arctan(xy/x1) ,

system (1.5) can be written

1.2 The Hamiltonian system

41 = wp1,

p1 = —wq1 —2q1(q293 + p2p3)
G2=p2+ (P +ad)ps.
p2=—q— (Pt +a9das,
G3=—-p3+ (P} +4}H)p2,

B3 =a3— (p} + a2,

possesses the Lyapunov family of periodic solutions
q1 = Asin(wt +60), p1 = Acos(wt +0), go=pr=q3=p3 =0,
with 4,6 € R.

Problems of Chapter 2

2.1 Hint: |Q—w)l—j| =|ol—Q21—j)|.1f2] —j € N, then, |wl — (2] —j)| > y /I,
since w € W, and 2/ — j # [ because [ # j.
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Problems of Chapter 3
3.1 Hint: Decompose u = S(¢)u + (I — S(¢))u. Using (3.19)—(3.20) estimate
juls = Copp (£l + 174Dl )

for some positive constant C;, ,,. Finally minimize in ¢.

Problems of Chapter 5

5.1 Every solution v = #(¢ +x) — n(t — x) of the linear wave equation (2.8) satisfies

vt+nm,r—x)=nt+r+n7—x)—nt+r7—(x —x))
=3t +27r —x)—n(t +x)
=n(t—x)—nt+x)=—-0(,x).

If v also satisfies the symmetry condition (5.6), then v = 0.

5.2 Hint: the subspace of functions in £ satisfying the symmetry condition (5.6) is
invariant under the Nemitsky operator induced by the nonlinearity. On this subspace,
by Exercise 5.1, the D’ Alembertian operator is invertible.
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d, the differential with respect to u

V,, the gradient with respect to u

V. the gradient with respect to the L2 scalar product
0y the partial derivative with respect to ¢

0Oy the partial derivative with respect to x

uy the second partial derivative of u with respect to ¢
uyy the second partial derivative of u with respect to x
X the time derivative

Dy the derivative with respect to x

D? H the Hessian matrix of H

div, the divergence of a vector field

A the Laplacian

A? the bi-Laplacian

L] := 0y — Oxx the D’ Alembert operator

Ly = wzatt — Oxx

R the real numbers

R" :=R x --- x R, n times

|x] the Euclidean norm of x € R”

i the imaginary unit

Z the integer relative numbers

Q the rational numbers

C the complex numbers

T := R/2x Z the 1-dimensional torus

T =T x --- x T, d times, the d-dimensional torus
Q:=Tx (0,7)

Mat(n x n) the set of the n x n matrices with real entries
J the symplectic matrix

sign( ) the signature of a quadratic form

dx A dy the symplectic 2 form in the space R = {(x, y) € R" x R"}
(v) is the linear vector space generated by v

span{ey, e>} is the linear vector space generated by ey, e;
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@ the direct sum of two subspaces

Re(z) the real part of the complex number z

z complex conjugated of z € C

HO1 (0, ) the Sobolev space

LY the Lebesgue space with norm || || z¢

C* the class of functions with k continuous derivatives

C° the class of infinitely differentiable functions

H7 () the Sobolev spaces

L(X, Y) the space of continuous linear operators between X and Y

f(x) = O(x) as x — 0 means that there exist constants C > 0 and § > 0 such
that | /(x)| < Clx| forall |x| <o

f(x) = o(x) asx — 0 means that lim,_,o f(x)/x =0

[ao, a1, az, ... ] the continued fraction expansion

[x] the integer part of a real number x

{x} the fractional part of a real number x

| 4] the Lebesgue measure of a measurable set 4 C R”

X* the dual space of a Banach space X
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